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EELEGI T T Kol 8 fYEEE Proof in mathematics is not merely a tool for verifying the truth
of propositions, but also serves as a conceptual means for explanation, organization,

discovery, and deepening mathematical understanding. However, research indicates that
many university students fail to grasp the purpose of proofs effectively and tend to experience
them as purely formal and abstract procedures. One contributing factor to this superficial
understanding is the lack of appropriate instructional and assessment tools that clarify the
diverse functions of proof. In this regard, dynamic assessment—particularly in electronic
environments—can offer an effective strategy to enhance students’ understanding of the
multiple purposes of proof, as it combines evaluation with learning through targeted
feedback. The present study aims to investigate the impact of electronic dynamic assessment
on students' awareness of various purposes of mathematical proof. It specifically seeks to
determine whether an interactive dynamic assessment model can foster a purposeful
understanding of proof, especially regarding underappreciated objectives such as
organization, application, and the discovery of new concepts.

This study is a mixed-methods research with a quantitative-qualitative approach,
in which the quantitative part used a quasi-experimental research method with a single-group
pre-test and post-test design. The statistical population consisted of 110 second-semester
mathematics students in 2023 at one of the country's public universities, of whom 35 students
participated in this study using a convenience sampling method. Data were collected through
two researcher-developed questionnaires administered before and after the intervention to
measure students' understanding of the purposes of proof, as well as an electronic dynamic
assessment test. The test was developed using C++ and included five multiple-choice items
accompanied by targeted, instructional feedback. The reliability of the questionnaires was
confirmed using Cronbach's alpha (a = 0.7), and their validity was reviewed by expert faculty
members. Quantitative data were analyzed using McNemar’s test to assess the significance
of changes in students’ awareness of proof purposes. In addition, semi-structured interviews
were conducted with 10 students to complete qualitative data analysis.

Statistical analysis revealed significant differences between students' responses in
the pre- and post-intervention questionnaires for seven out of eight proof purposes (p < 0.05).
The most notable improvement was observed in the “organization” purpose, with the number
of students recognizing it rising from 15 in the pretest to 31 in the posttest. Other purposes,
such as ‘explanation and clarification,” ‘discovery of new results,” ‘application in other
contexts,” and ‘problem solving,” also showed significant gains. The only purpose that did not
exhibit a statistically significant change was ‘verification of truth,” which was already well
understood before the intervention. Interview analysis confirmed that electronic dynamic
assessment helped students recognize conceptual relationships, internal structures of proofs,
and better understand the educational aims of proof. Students reported that the test
questions and feedback provided a novel and insightful experience in understanding proofs.
The present study demonstrated that electronic dynamic assessment can serve
as an effective tool for enhancing students’ awareness of the diverse functions of
mathematical proof. Beyond mere evaluation, this type of assessment facilitates deeper
learning of proof concepts and structures through instructional and interactive feedback. The
findings align with previous research in mathematics education and highlight the pivotal role
of assessments grounded in Vygotsky’s Zone of Proximal Development theory. It is
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recommended that mathematics educators incorporate interactive and feedback-driven
models in the design of instructional and assessment activities to foster conceptual and
purposeful understanding of proof among students. Such an approach not only helps students
perceive proofs as tools for explanation, organization, discovery, and problem-solving, but
also lays the foundation for developing mathematical reasoning and cultivating critical
thinking. In doing so, students’ understanding of the nature and purpose of proof is
transformed from a rule-based and repetitive view to a dynamic, analytical, and deeply
applicable perspective.
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Table 1: The Generalized Cauchy Mean Value Theorem and Its Proof (Summarized)
ol aals (3, D) sojb 4 lee X 5o sl 4 5@, b € R) swsl piysnie (8,D) o3l g atusn [@, D] sojb 2 G 5 f &y S1A saead
a5 5,5k 4 cun (@, D) o3k 4 3o k aiile slahais o5T g (x) # 0
f)-f@ _f')
gb)—g(a) g'(k)
Theorem A: If the functions f and g are continuous on the interval [a,b], and differentiable on the open interval (a,b),
here a,b € R, and if for every x € (a,b), g'(x) # 0, then there exists a point k € (a,b) such that:
f)-f@ _f'(k)
gb)—g@ g’k

o ol dy dosd Ol

A brief proof of the theorem:

(@) # g(b) sl oS musli oy haiyo sloo IS 5 andd (55 4y azgi b-) s
Step 1- Based on the theorem’s assumptions and related propositions, we conclude that g(a) # g(b).
_ _fW)-f@ ) .
- h() = f() = LT g () ouss e 0 U ¥
. . _ _ fb)-f(a
Step 2- Define the function h(x) = f(x) 9@ (%)
- h(a) = h(b) «5 w5 oo osolie ¥ o
Step 3- It can be observed that h(a) = h(b).
3k € (a,b) s.t. K'(k) =0 o —F Sl
Step 4-Therefore, 3 k € (a,b) such that h'(k) = 0.
Y — f(b)=f(@ _ fr(k) )
W) =0 = o s@ = g0 .

o FBDF@ _ i
Step5- h'(k) =0 = 00— = a0

fB)-f@) _ frk) ol
3k € (a,b) s.t. @ — g sl -# e

fb)-f@) _ frk)
Step 6- Thus, 3k € (a,b) s.t. S0 9@ ~ o)

23,95 3b (900 GMVT duiad Slil S0 ygel 5o oy 4l &Vlga Y Joax
Table 2: Questions Presented in the GMVT Proof Comprehension Test without Feedback
£9(a) # g(D) Wb &5 05 oo a5 A ganid L3151 a0 468 ()
(403 ods5 s yo ealio b Lo 5 A 54,28 (53 3l solizal L)
Question 1) How do we conclude in line 1 of the proof of Theorem A that g(a)=g(b)?
(Explain using the assumptions of Theorem A and relevant theorems or concepts.)

245 09 o w8 o A (gandd ST (T g

ST () # 0.(a,b) ol a3l X0 sl @ 515 wiil iy siie (@, D) Goik 2 s aiwgey [@,D]sosl 2 g 5 oy 51
ARTRIp o 449i>A G4l oS> (A

§ oS oo s a3 S |, (X)) (o

Question 2) Suppose Theorem A is stated as follows:
If the functions f and g are continuous on the interval [a,b] and differentiable on the interval (a,b), and if for every
x€E(a,b), f'(x)#0, then:
a) How is the conclusion of Theorem A stated?
b) How do we define h(x)?
Aeles o 1) g5 Jo SoiiS o 3o A aidB 10 woas 00ld 05l o g A Cend 45 o0 L) wilgi i 51 S plaST (P i

(S 5k 50 A s )3 55550 Lulyd bond Gl @l ples w4 1,0 5 T ol
Question 3) Which of the given pairs of functions in parts (a) and (b) satisfy the conditions of Theorem A on the given
interval? Justify your answer. (Assume that the functions f and g refer, respectively, to the same functions mentioned
under the stated conditions in Theorem A.)

oA, om0
0.2, , g =x*-1 fO)=(x+1)? “

:JM;@W‘\‘#M)Q&;?A Garad Sl yo (F s
Question 4) In the proof of Theorem A, how do we conclude the following in line 4:
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3k € (a,b) s.t.h' (k) =0
@S 098 lo S pn A sanss S| @ Sl
......... 455 9k 4 0 )0 929 (@, D) 0jb 4 laie K atile slabais olSiT ¢ ol piy gt (@, D) 3L p g g [@, D] o5 G 5 f &l 51
SpoutS oo a5 43 ) (X)) 5 09 dmlys 4z 4088 (S 0SS
If the functions f and g are continuous on the interval [a,b] and differentiable on the interval (a,b), then there exists a
point k€(a,b) such that: ..........
What do you think the conclusion of the theorem would be, and how would you define h(x)?

SeisrSI by (2li)l o oo,s35k b olyen ¥ Jlg ¥ oo
Table 3: Question 3 with Feedback in the Electronic Dynamic Assessment

eu‘sedd.aA 4.:,55); IERPIRY o}bﬁgjdlwé)o o0 djl)l c;ly&.ﬂ})‘& rs'.)S ("J/}f...:

(5 55 50 A (gandd 3o 55500 Ll b oad ol &l ploo i a1, g sFeds)
Which of the function pairs presented in parts A and B satisfy Theorem A over the given interval?
(Assume that the functions f and g correspond to those defined under the conditions stated in Theorem A.)

x) = X +) N TP 0<x<l1.. .
[0.2] so3b ¢ 9(x) 5 f@) {2 — Xeininn 1<x<2. (ol
2
[—2,0] gx)=x%*-1 f(x)=(x+1)
Lgo)'lg).g H 9 o

S9N by b5 Y s slaan 5 F oo

Table 4: Options for Question 3 in the Electronic Dynamic Assessment

S e 3o A gaad byl s )0 0 e o g il wlgi (A
A) Both pairs of functions in parts A and B satisfy the conditions of Theorem A.
DS e 3aoAaLad by i o Gl mles Lol oS e gae A ganad byl s o o als (B
B) The pair of functions in part B satisfies the conditions of Theorem A, but the pair in part A does not.
S e oo A\ 4 Ly yh 55 O s Ll aiS e os A ganias al, s Gl wlgs (C
C) The pair of functions in part A satisfies the conditions of Theorem A, but the pair in part B does not.
S ad GroA 408 Lylyd o o g Al il el plaS g (D
D) Neither pair of functions in parts A nor B satisfies the conditions of Theorem A.

SiniS sligy Sbiyl 9 T Jlp & gl 5 43 o S ok o e 5 Shgmails fuly D Jpor
Table 5: Students’ Responses and the Path Taken Based on Each Selected Option for Question 3 in the Electronic Dynamic Assessment

Bl g 8L elatsl oS los,8 b Lisy iyl SWl5es & ey 45 Glismmtils 45 (g e

The cod igned to th di
€ code assigned to the corresponding The paths followed by students in responding to the dynamic assessment questions

answer

Sl g syl Jgl sl b sy aslsl )8 by ys plod 5 Jol ool jo canjo any 38 Sl
Cowyd caldl 13 10 s plod g Cuwyo pgo
Correct option selected on the first attempt with all subsequent steps
correct, or incorrect first choice followed by a correct second choice with all
subsequent steps correct.
5 e yob Jol Sl b e (o )3 a0l Gl Sy 5 ol Gl 5o Sy 43T Sl

cdolol 5o L peus plod g o yd poaw LI L e (b 0 S yol Gl S g sy pgo bl
CM.:)_)

Correct option selected on the first attempt with one incorrect step along
he path, or incorrect first choice followed by a correct second choice with one
1correct step along the path, or correct third choice with all subsequent steps

correct.

99 9 Caryd pgd GBIl e (b 0 Cow ol Gl 9o g ol Gl o s aiy 5 Sl

s b 53 e ol ) Sy g ey pyr ST L L e b o Cansjols Sl
2 Correct option selected on the first attempt with two incorrect choices
along the path, or correct option selected on the second attempt with two

incorrect choices along the path, or correct option selected on the third

attempt with one incorrect choice along the path.
e b 59 eyl QL g0 5l i b cew o ) lea ol
1 Correct option selected on the fourth attempt or more than two incorrect
choices made along the path.
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Table 6: Sample Feedback Provided to a Student Who Selected Option C in Response to Question 3

)af@l;'La!‘cwl)l)éﬁg5f@l;‘5\>,nsLgl,,@.,éé.Iail,;;‘,lﬁ)‘MdéwAé@@\)&)agm)o@t{pp.mb&mygcéwbéﬂgg

S e o A aLad bl s o dall Ced

Student C’s response is incorrect. Both functions in part B satisfy the conditions of Theorem A, as all the required assumptions for
functions f and g are met. However, the function fin part A does not satisfy the conditions of Theorem A.

0,2
[02] ok 2

[=2,0]

ok 2

_ b S 0<x<1.. |
g(x)—x+\ f(x)={2_x ....... 1<x<2. al
2
gx)=x2-1 f(x) = (x+1)
¢ 9 <

So iy A b Lyl 5l SO plas Toal Lo Jlas o

Which of the conditions of Theorem A is not satisfied by function f?

ey e catels bl 5 (S o F s () ansE

Option 1) Function f is not differentiable at one point in the domain.

g on yho ply casals bl 5l (S o F sl gie (Yay;8

Option 2) The derivative of function f is equal to zero at one point in the domain.

(03,5 oo ol 525 ploy S LRI VL Sl 5o 1, ) a3F somils 51 i ogie jals 5 ol VU a9 ) 43S 4 3,555k 1)
(The following message appears as feedback for Option 1 in the line above: that is, if the student selects Option 1, this message

will be displayed):

.cwﬁ;\ié;mxz\M)afé,lj45ML@J@cmm‘m.;_fojsf@UL}S.&@;I.,\JS‘SQJ‘}MA@J@,&)QJlm)of@ls‘wLw:lfy

You are correct. The function f in part A does not satisfy the conditions of Theorem A. By examining the graph of the function f,

we observe that it is not differentiable at the point x=1.

1x)

(235 o0 ol nj ply WS QBIVL Slaws (0 1)V a8 gontils ST cm s092ee palls 15 plo YU Sl jo ¥ oan 5 4 00550 59)
(In response to selecting Option 2 above, the following feedback message will appear: that is, if the student selects Option 2 in

the above line, the message below will be displayed.)

e pdy gt X2 ) alai o Tl a5 cnled e csmlive (oS az g T ali IS0 4y 51005 ol oo a8 Ll o Gl ceand o F s

Function f in part (a) does not satisfy the conditions of Theorem A. By examining the graph of function f, we observe that it is not

differentiable at the point x=1.

fix)
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Table 7: Sample Content of Questionnaire 1

S anl B boy95 0 o Lol a2

Your experience dealing with the proof process

Ll glas IS 5 laal

Purposes and uses of proof

O plosy o ol Gas pl 4 bolsl S5
In some proofs | have realized this purpose of proof.
O plonzs azlgs bl Gan ol b blil aglb o 55 b

So far, | have not encountered this goal of proof in the process of proofs.

0|58 S0 (o 2l
Verifying the truth of a statement:
Gob g aS o)1 S oo g gy ol lis slixe 4y i Baa oyl
Redge Jolo oad el L3 5l sblad 5 ilaie (ilsh 5l glasgenne
This goal means demonstrating the truth and accuracy of a proposition that is
achieved according to a set of logical rules and previously proven theorems.
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Table 8: An Example of the Goals of Proving the Generalized Cauchy Mean Value Theorem in Questionnaire 2

SBaa ol Jels Aacad ol anl s
D o D o
The process of proving Theorem A does

not involve this goal. involves this goal.

Goa ol Jels Aacad oLl agl s

The process of proving Theorem A

Ll sl 5 s

Purpose and application of proof

O O

0,5 S gy ol
Verifying the truth of a statement:
bz )i S S 5 (s Golaplas sline 4 cBas ol
il oo conds 2ol LB 5l sLlad 5 dhate (1iled 5l (glacgeze
This goal means demonstrating the truth and accuracy of a proposition
according to a set of logical rules and previously proven theorems.
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«(SogSN sbg bl sl 51 S 1 0sh K (slacaadse
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Table 9: Frequency of Students' Responses to the Options Available in the Two Questionnaires on Attitudes towards Proof Goals

Jolies coglis

alsloe 5l e alsloe 5l s GH I RV
Significant p-value ) ) A ) -
. After intervention Before intervention Objective of prove
difference
X = o155 Ky iy Sl
1.0000 28 28 ) 2 (S O
NoX Verifying the truth of a statement
v i e e
ok 0.0156 31 23 S s
Yes V' Explaining and clarifying
v 5™
ot 0.0000 31 15 S0
Yes V' Organizing
v 5 gl b caes
ot 0.0156 26 19 S @i g
Yes v/ Discovering or inventing new results
v s it
61). 0.0313 30 22 ) 2
Yes v/ Identifying definitions
v o s Jo> olgreay LSl
) 0.0078 27 17 Proving as problem solving
Yes v/
v 5L, X (FYGweY: g
‘51{ 0.0156 27 18 by S sbacasdse oy,
Yes v/ Application to other mathematical situations
v 5 Sl slool
ot 0.0313 28 20 &8 Plasl ol

Yes v/

Building intellectual independence
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