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Background and Objectives: This comprehensive study delves into the comparative 
effectiveness of diverse educational approaches in enhancing students' comprehension and 
learning skills, specifically in the domain of geometric theorem proofs. The research focuses 
particularly on the section related to longitudinal relationships within triangles, a crucial 
component of the 11th-grade geometry curriculum. To identify the most impactful teaching 
strategies, this investigation meticulously compares three distinct pedagogical methods: (1) 
using illustrated examples formulated by the researcher through GeoGebra software, (2) 
exclusive use of examples, and (3) adherence to traditional teaching methods. 
Materials and Methods: This research employs a quasi-experimental design with two 
experimental groups and one control group, including pre-test and post-test assessments. In 
terms of its objective, it is considered an applied study. The study population comprised 332 
female 11th-grade students from District 3 of Isfahan during the second half of the 2021-2022 
academic year. For the selection of the statistical sample, 60 students from three schools in 
District 3 of Isfahan were chosen using a purposive sampling method. All participants 
completed Cattell's Culture Fair Intelligence Test and a pre-test in Geometry 1 with identical 
questions. The first experimental group received an instructional video on constructing simple 
shapes and measuring shape components using GeoGebra software, along with virtual 
instructions on effective software use. The first author addressed their issues in five one-hour 
sessions. Additionally, five practical examples related to longitudinal relationships in triangles 
from the 11th-grade geometry textbook were presented, with responses designed using 
GeoGebra. Content validity was ensured through feedback from five experienced professors 
and teachers, who also reviewed aspects such as adherence to Persian grammar. The test 
questions demonstrated good reliability (Cronbach's alpha = 0.81). Given that this number 
exceeded 0.7, the test questions demonstrate good reliability. After confirmation and 
correction, the examples were provided to both experimental groups consecutively over five 
weeks, with 90-minute sessions conducted in the classroom. Examples were given to students 
without answers. The first group used GeoGebra to solve examples, hypothesize relationships 
between components, and verify them. Subsequently, correct answers were provided, and 
students were required to infer and prove the principles of relevant theorems with teacher 
guidance. Data analysis was conducted using SPSS 25 software, including ANCOVA analysis, 
Kolmogorov-Smirnov test, and Levene's test. 
Findings: ANCOVA (Analysis of Covariance) results revealed statistically significant differences 
among the groups. Notably, the primary experimental group, which utilized a combination of 
carefully selected examples and interactive GeoGebra software, demonstrated superior 
performance compared to the second experimental group. This enhanced performance was 
particularly evident in two critical areas of geometric understanding: the accurate 
identification of relevant geometric theorems and the subsequent application of these 
theorems to complex problem-solving scenarios.  
Conclusions: This comprehensive research underscores the significant benefits of integrating 
examples and GeoGebra software in geometry education. The findings demonstrate that this 
combined approach not only enhances students' understanding but also fosters their 
creativity and promotes active participation in the learning process. By engaging with 
interactive, visual representations of geometric concepts, students are empowered to 
explore, hypothesize, and verify mathematical ideas independently. This increased 

Tech. Edu. J. 19 (1) : 195-214, Winter 2025 

 Technology of Education Journal 
(TEJ) 

Homepage:  jte.sru.ac.ir 

 

TEJ SRTTU 



M.A. Fariborzi Araghi et al.                                                                                                                                                                                    196 

engagement ultimately leads to a more robust and lasting comprehension of geometric 
principles. It is recommended that educators actively encourage students to install GeoGebra 
software on their personal devices and allocate specific time for students to gain proficiency 
in its use. 
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ی  ریادگیمهارت   ودرک    شیدر افزا  زیمتما  یآموزش    یکردهایرو  یاثربخش    یمقاله به بررس    نیا اهداف:پیشییینه و 

 مهمی از  ک ه بخش    ه ادرون مثل    یب ا تمرکز بر بخش مربو  ب ه روابط طول  ،یهن دس     یای قض   ا  آموزان در اثب اتدانش

  سه یرا با هم مقامتمایز    یسه روش آموزشبه طور دقیق   قیتحق  نیا .پردازدیم  است،  ازدهمیهندسه کلاس    یبرنامه درس

از    ی( اس تااده انحص ار2، )جئوجبراافزار  نرم  قیمص ور فرموله ش ده توس ط محقق از طر  یهامثال( اس تااده از 1: )کندیم

 .یسنت  سیتدر  یهابه روش  یبندی( پا3ها، و )مثال

،  آزمونشیپاس   ت که ش   ام    کنترلگروه   کیو   شیبا دو گروه آزما  یش   یآزماش   بهطرح    کیپژوهش    نیا :هاروش

  ش ی را به س ه گروه مززا ش ام  دو گروه آزما  یاض یر  ازدهمی  هیپا  آموزاندانش  .باش دمی  یو از نظر هدف کاربرد  آزمونپس

دوره دوم متوس   ه    ازدهمی  هیدختر پا  آموزاندانش  هیکل  ،پژوهش  نیا  یجامعه آمار  .میکرد میگروه کنترل تقس    کیو 

انتخاب نمونه    یبرا  بود.  آموزدانش 332به تعداد    2021-2022  یلیدوم س ال تحص   مهیس ه در ن   هیش هر اص اهان در ناح

تحت    هاهمه گروه  هدفمند اس  تااده ش  د.  یریگنمونهاص  اهان از روش   س  هه  ناحیاز س  ه مدرس  ه    آموزدانش 60  یآمار

همه    یبرا  کس انی  س ااتتش ام    1هندس ه    آزمونشیپ .اول قرار گرفتند  یش یبا گروه آزما  یاس یآزمون هوش کت  س ه مق

  افزار نرمش ک  با اس تااده از    یاجزا  یریگاندازهس اخت اش کال س اده و   یآموزش  لمیف ،اول  یش یگروه آزما.  اجرا ش د  هاگروه

آنها    اش کاتتاول مقاله    س ندهینو  کردند.  افتیدر  را  افزارنرمثر از  انحوه اس تااده م  یبه همراه دس تورالعم  مزاز  جئوجبرا

با تمرکز بر    ازدهمی  هیمربو  به کتاب هندس ه پا  یپنج مثال کاربرد  ن،یعلاوه بر ا کرد.  رفع  س اعتهکیرا در پنج جلس ه  

اعتبار محتوا در    یبررس   یبراش د.   یطراحجئوجبرا    افزارنرمپاس خ آنها با اس تااده از    ارائه ش د.  هامثل در   یروابط طول

نظرات  اعمال  با    یدس تور زبان فارس   تیمانند رعا  یموارد مزرب اس تااده ش د.  معلمس اخت، از نظرات پنج اس تاد و   ندیفرا

کرونباخ اس تااده ش د و   یآلاا  بیاز ض ر  س ااتت  ییایپا نییتع  یبرا ش د.  یپنج اس تاد و معلم مزرب بازنگر  یهادگاهیدو 

پس از    د.هس تنبرخوردار    یخوب   ییایآزمون از پا  س ااتت  ،ش د  7/0از    شیعدد ب   نیا  نکهیا  به  توجه  با.  بود 81/0آن    ییایپا

  90قرار گرفت و جلس   ات    یش   یهر دو گروه آزما  اریپنج هاته در اخت یدر ط  یها به طور متوالمثال ح،یو تص   ح  دییتأ

، ه امث الح      یگروه اول برا.  پ اس   خ داده ش   د  ن  ب دو   آموزاندانشب ه     ه امث ال  در کلاس درس انز ام ش   د.  یاق هیدق

  ار یدر اخت  حیصح  یهاپاسخمتعاقباً    استااده کردند.  جئوجبرا  افزارنرمص حت آنها از    یاجزا و بررس   نیروابط ب   یس ازهیفرض 

 و  هیتزز  یبرا مربوطه را اس تنبا  کرده و اثبات کنند.  یایاص   قض ا  معلم  ییقرار گرفت و موظف ش دند با راهنما  ش انیا

https://creativecommons.org/licenses/by-nc/4.0/
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، آزمون کولموگروف  تحلی   آنکواک ه ش   ام      SPSS 25  افزارنرم  یاز بخش اس   تنب اط  آم دهدس   ت  ب ه  یه اداده   ی تحل

 بود استااده شد.  نآزمون لو  رنوف،یاسم

ذکر اس  ت،    انیگروه ها نش  ان داد. ش  ا  نیرا ب   یدار یمعن ی( تااوت آمارانسیکووار   ی)تحل  ANCOVA  جینتا  ها:یافته

جئوجبرا اس  تااده کردند، نس  بت به گروه    یافزار تعاملو نرمدقیق  انتخاب ش  ده   مثالهای   تلایقاول که از    شیگروه آزما

مشهود   یدر دو حوزه مهم درک هندس  ژهیبه و  افتهی بهبود  عملکرد  نیاز خود نشان دادند. ا  یدوم عملکرد بهتر  یشیآزما

 پیچیده.ح  مسئله  روشهای  در    ایقضا  نیا  یمرتبط و کاربرد بعد  یهندس  یایقضا قیدق  ییبود: شناسا

دارد.   دیدر آموزش هندس  ه تاک  جئوجبراقاب  توجه ادغام مثال ها و نرم افزار    یایجامع بر مزا قیتحق  نیا  گیری:نتیجه

  ز یآنه ا را ن   تی بلک ه خلاق  ده د،یم  شیآموزان را افزان ه تنه ا درک دانش  یبیترک  کردیرو  نیک ه ا  ده دینش   ان م  ه اافت هی 

  م ی مااه  یو بصر  یتعامل  یهاشیشدن با نما  ری. با درگدهدیم  قارا ارت  یریادگی  ندفرایو مش ارکت فعال در    کندیم  تیتقو

  ن ی ا کنند. دییو تأ  یس ازهیرا کش ف، فرض   یاض یر  یهادهیکه به طور مس تق  ا  ش وندتش ویق میآموزان  دانش  ،یهندس 

  ان یکه مرب  ش ودیم  هیتوص  ش ود. یم  یاز اص ول هندس   دارتریتر و پا  یمنزر به درک قو  تیدر نها  افتهبهبود ی  یریدرگ

را    خاصیخود نصب کنند و زمان    یشخص  یهادستگاه  یرا بر رو  جئوجبرا  افزارکنند تا نرم  قیآموزان را تشوفعاتنه دانش

 تا در استااده از آن مهارت کسب کنند. .آموزان اختصاص دهندبه دانش

Introduction 

 

Mathematics is a core scientific discipline with 

diverse branches, each with distinct 

characteristics. Algebra focuses on symbol 

manipulation and analytical problem-solving. 

Geometry emphasizes the mental visualization 

of shapes and spatial relationships. Statistics 

involves collecting, analyzing, and summarizing 

data [1]. Students' attitudes toward geometry 

significantly impact their progress and 

achievements. A positive outlook on geometry 

leads to greater dedication and commitment to 

excel [2]. Teachers play a vital role in education, 

responsible for developing scientifically literate 

individuals for the 21st century [3]. This 

influence is especially strong among geometry 

educators, reaching 80%.  

Teachers support students facing learning 

challenges through scaffolding. As described by 

Wood [4], scaffolding involves an expert, like a 

teacher, assisting someone with less knowledge 

or expertise, such as a student. Scaffolding 

methods include cue cards, handouts, prompts, 

hints, examples, questions, narratives, 

explanations, visuals, and inquiry-based and 

problem-solving strategies [1]. Educators 

widely recognize problem-solving as essential 

to the mathematics curriculum. It should            

be taught alongside arithmetic skills, which are  

important for both academic and real-world 

success [5]. Developing problem-solving skills 

improves logical, critical, and creative thinking. 

It's considered a key life skill, involving analysis, 

interpretation, reasoning, prediction, 

evaluation, and reflection [6]. Traditional 

geometry instruction often relies on lectures 

with one-way communication, focusing on 

reading, writing, and discussion. However, 

integrating Information and Communication 

Technology (ICT) in education requires 

proficiency beyond these basic skills. In 

teaching and learning, ICT includes various 

multimedia technologies such as text, sound, 

graphics, animation, and simulators [7]. Most 

research on digital tools in mathematics 

education focuses on classroom settings, 

curricula, and school contexts [8]. Mathematics 

typically uses four main representation modes: 

(1) verbal, (2) graphical, (3) algebraic, and (4) 

numeric. While certain representations may be 

emphasized, transferring between modes 

remains important [9]. Digital math 

environments allow students to identify 

connections, properties, patterns, and rules by 

manipulating various representations [10]. 

Teachers' use of digital technology in 

classrooms depends on factors like personal 

beliefs, attitudes toward technology, and views 

on mathematical knowledge and learning [11]. 
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The main goal is to create an environment 

where students discover mathematical 

structures through diverse software-aided 

representations, improving their understanding 

of concepts that are often difficult to grasp with 

traditional methods [12]. Geometry is 

particularly suited for trial-and-error activities 

[13]. Toluk notes that students are more likely 

to develop advanced skills when they're 

interested in the learning activities. Dynamic 

geometry software, like GeoGebra, can 

effectively build this interest [13]. These 

environments offer increased embodiment for 

technology-enhanced learning, with dragging 

actions providing motoric engagement and 

gestural congruency on touchscreen devices 

[14]. While some educators believe effective 

math teaching involves patience, repetition, 

exploration, explanation, and extensive 

practice [15], dynamic geometry software 

significantly contributes to learning. Teachers 

use their knowledge to choose appropriate 

technological applications, helping students 

tackle geometry problems. Selecting a suitable 

framework is key, allowing teachers to 

incorporate dynamic applications into active 

learning environments through careful planning 

[12].   

Education that truly prepares students 

involves giving them chances to learn 

independently [16]. Constructivism sees 

students as active participants who build their 

own understanding. In this view, teachers guide 

and support, focusing on student-centered 

methods [17]. Constructivism puts the 

individual first in social learning, stressing 

learning over traditional teaching. It sees 

knowledge as personal interpretations from 

interacting with the world, with each person 

forming their own view of reality. Learning is 

active, based on experiences, and shaped by 

what someone already knows. The level of 

teamwork between teachers and students 

directly affects how much and how well 

students learn. Knowledge grows through 

individual interaction, interpretation, and self-

reflection [18]. Both teachers and students take 

part in activities that fit with constructivist 

ideas. Windschitl  outlined these roles for 

teachers: 

- "Ask about students' beliefs and 

experiences on key concepts, then create ways 

for them to actively rethink what they know. 

- Give students many chances to work on 

complex, meaningful problems. 

- Help students talk about their work and 

collaborate with classmates. 

- Provide various information sources and 

tools, including technology and visual aids, to 

support learning. 

- Show students how they think through 

problems, and encourage students to share 

their thoughts through talking, writing, art, or 

other means. 

- Often ask students to use what they've 

learned in new situations, explain their ideas, 

interpret texts, predict outcomes, and discuss 

using evidence. 

- Use different ways to assess and give 

feedback on students' beliefs, thinking 

processes, and results [19]." 

Teaching draws on various professional 

areas, including subject expertise, teaching 

methods, curriculum knowledge, and 

information literacy. It also requires cultural 

awareness and strong communication skills 

[20]. Education researchers support engaging 

students in tasks that involve creating and 

interpreting field-specific representations. They 

also recommend exposing students to new 

representations beyond those in typical 

textbooks [21]. Educational simulations can 

improve teaching by offering concrete 

depictions of abstract ideas, aiding 

understanding. These simulations let students 

interact with material at their own speed, using 
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their existing knowledge to reshape their 

mental models [22]. Some simulations are 

exemplars, which help communicate, explain, 

and discuss ideas, especially in mathematics. 

Teachers use exemplars to help students 

generalize and build mathematical 

understanding [23]. Learning through examples 

isn't new; it's been studied in education for 

decades. From the 1950s to the 1970s, 

researchers used the learning-by-example 

approach to study concept formation [24]. 

Exemplars are crucial for student learning. 

Expanding knowledge depends on having 

various examples, knowing how to create them, 

strengthening their connections, and accessing 

them easily [23]. While the basis for a 

conjecture is sometimes clear, it's often not 

obvious. In these cases, mathematicians turn to 

examples to explore new problems [25]. 

Many factors influence teaching geometric 

drawing and reasoning. Teachers must balance 

these elements to maximize class effectiveness, 

using all available professional tools and 

knowledge [20]. Well-designed examples 

clearly communicate between learners, 

teachers, and abstract concepts. In math 

education, examples serve many purposes: 

understanding concepts, motivating, proving, 

reasoning, developing hypotheses, assessing, 

making connections, generalizing, fostering 

creativity, and problem-solving. Examples are 

central to teaching math concepts, advancing 

math education, and supporting teaching 

theories [26]. Two key factors in students' 

problem-solving skills are teaching methods 

and textbook choice [27]. Curriculum planners 

and textbook authors should create problems 

that are both realistic and solvable in multiple 

ways [28]. Using dynamic graphics in 

multimedia learning allows students to explore 

geometric concepts [27]. Multimedia bridges 

abstract ideas and concrete observations, 

significantly impacting learning when designed 

with educational principles and cognitive 

theories in mind [29]. Computers and digital 

devices have long helped create visual 

representations and engage students. 

Advancing technology allows for integrating 

multiple representations through various 

modes, creating more complex visuals [21]. 

Among available software, GeoGebra is 

particularly useful for incorporating technology 

in math education [30]. "GeoGebra can improve 

problem-solving skills, especially in making 

logical and creative guesses, by: 

o Activating relevant schemas; 

o Encouraging the use of problem-solving 

methods; 

o Positively influencing solution process 

control and individual beliefs [27].  

GeoGebra's standout feature is its ability to 

animate objects and variables, making it an 

interactive tool for exploring various 

mathematical outcomes through manipulation. 

This dynamic software plays a key role in 

teaching mathematical concepts. GeoGebra, 

along with programs like Maple and Algebrator, 

is more than just a math tool; it's designed 

specifically to improve learning [31]. Different 

versions of GeoGebra are available for 

download at www.geogebra.org, compatible 

with various computer and mobile operating 

systems. 

As a dynamic application, GeoGebra enables 

students to build and modify geometric and 

algebraic representations. Its features are 

designed to improve problem-solving and 

logical reasoning skills. Students can create 

mathematical objects based on their questions 

and hypotheses, deepening their 

understanding of mathematical concepts [32]. 

GeoGebra supports multiple languages and 

offers corresponding online courses, providing 

comprehensive resources for teachers and 

students. A dedicated website has been set up 

to support GeoGebra's practical use [12].  
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GeoGebra allows teachers to create 

problems that students can solve using the 

software, sparking interest and improving 

understanding of geometric challenges. It 

encourages active engagement with problem 

statements and proofs. The software's dynamic 

nature motivates students to explore 

mathematics, promoting active participation. 

As a result, students are more likely to retain 

knowledge and develop critical thinking and 

investigative skills. Using GeoGebra's dynamic 

system helps develop professional 

competencies for future math educators, 

especially in information and communication. 

Examples show that GeoGebra promotes 

practice-oriented math education and research 

methods and increases student motivation. The 

ability to create and study interactive models in 

GeoGebra's learning environment improves the 

efficiency of science and math learning, 

fostering logical thinking and increasing student 

motivation [33]. Integrating technology in math 

education allows students to develop diverse 

and innovative solutions. This approach lets 

students form and test hypotheses while 

building mathematical knowledge. Teachers 

can use GeoGebra to create examples that 

encourage students to seek answers and spark 

interest in the subject. This method strengthens 

students' understanding of geometric 

problems, enabling them to analyze problem 

statements and provide logical proofs 

independently. Previous research examined 

teaching the chapter on circles and geometric 

transformations in the Iranian high school 

Geometry 2 textbook [33]. This study focuses 

on teaching a different section of the same 

textbook, specifically longitudinal relationships 

in triangles (pages 61 to 76). We aim to assess 

the effectiveness of two teaching methods: 

using GeoGebra software with practical 

illustrations, and using researcher-designed 

examples without software. The study 

addresses these research questions: 

o To what degree does the integration of 

GeoGebra software and the inclusion of 

illustrative examples bolster the 

comprehension of geometric theorems within 

the chapter covering longitudinal relationships 

in triangles found in the Geometry 2 textbook? 

o To what extent does the application of 

researcher-designed examples, independently 

created without the assistance of software, 

facilitate the grasp of geometric theorems in 

the chapter concerning longitudinal 

relationships in triangles within the Geometry 2 

textbook? 

 

Review of the Related Literature  

The learning of mathematics is complex, 

requiring an understanding of various 

mathematical concepts [34]. It involves 

engaging with real-world phenomena through 

hands-on experiences [34]. Real Mathematics 

Education became the main approach to 

mathematics education in the Netherlands 

starting in 1968 [35]. Between 1987 and 1997, 

textbooks aligned with Real Mathematics 

Education grew from 15% to 75% of the market 

[35]. Recently, the Ministry of Education in Iran 

formed a commission of teachers to review and 

update the math curriculum to better prepare 

students for their personal and professional 

futures [35]. Research shows that interest and a 

positive attitude are key to success in 

mathematics. Oldknow and Taylor [36] note 

that motivating students through verbal and 

non-verbal methods is the first step in effective 

teaching. Students should understand what 

they're learning and why. One way to boost 

motivation is by connecting learning materials 

to students' everyday experiences [37]. A study 

of 1083 Chinese math teachers found that they 

often use technology to engage students during 

lesson planning [38]. Another study of 40 male 

middle school students in Tehran, Iran, showed 

that computer games create an engaging 
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environment that improves problem-solving 

skills, increasing interest in math and leading to 

better academic performance [39]. A study of 

60 high school students in Badrud, Iran, found 

that using educational simulations significantly 

improved students' academic goals and overall 

learning [40]. Geometry often faces challenges 

related to student attitudes and achievement. 

Students tend to show less interest and slower 

progress in geometry compared to other math 

topics. Geometry is prone to misconceptions 

and learning difficulties, requiring a deeper 

understanding for effective learning [41]. 

Students recognize the importance of teaching 

methods in their learning process and are 

aware that different teachers use different 

approaches. About 60% of students attribute 

their learning outcomes to their teachers' 

teaching style [42]. Many studies in educational 

technology show that students who use 

technology in learning achieve higher accuracy 

and proficiency than those who don't [12]. 

Research by Guven and Kosa [43] highlighted 

the positive effects of dynamic geometry 

software on spatial skills. Similarly, GeoGebra, a 

dynamic math program, has been shown to 

develop algorithmic thinking skills by visually 

representing formal and algorithmic aspects of 

math problems [44]. This technology allows for 

the creation of complex geometric structures 

on computer screens [33]. GeoGebra, an open-

source dynamic math software program, was 

developed as part of Markus Hohenwarter's 

master's thesis at the University of Salzburg, 

Austria [45]. The goal was to create a program 

that combined geometry, algebra, and calculus 

in one user-friendly package, unlike other 

software that treated these as separate. After 

its online release in 2002, GeoGebra gained 

popularity among educators who used it in their 

classrooms, winning several educational 

software awards, including the European 

Academic Software Award in 2002.  

Hohenwarter continued improving 

GeoGebra, inspired by his doctoral research on 

the software's educational uses in Austrian 

schools. In 2006, he joined Florida Atlantic 

University (FAU) as a visiting professor, 

participating in the National Science 

Foundation (NSF)-funded Mathematics and 

Science Partnership (MSP) teacher education 

initiative [45]. A study in Ankara, Turkey, found 

that GeoGebra made learning about lines and 

angles more enjoyable for 7th-grade students 

[13]. Another study with 24 mathematics 

education students at Langlangbuana 

University in Indonesia showed that those using 

GeoGebra to learn geometric transformations 

had significantly better math comprehension 

than those taught traditionally [46]. 

Recognizing the importance of the mathematics 

curriculum, future math educators need strong 

problem-solving skills. A study of 71 second-

semester math education students at Tidar 

University in Indonesia found that learning 

spatial geometry with GeoGebra improved their 

problem-solving abilities [47]. Research with 

student teachers also showed that GeoGebra 

effectively improved problem-solving skills in 

analytical geometry courses. Students 

responded positively to GeoGebra in these 

courses, showing high interest in multimedia 

components but less interest in visual imagery 

[48]. Using concrete, relevant examples is 

considered effective for learning math [49]. 

Historically, mathematicians have used 

examples to form conjectures by creating 

systematic lists and looking for patterns [50]. A 

study of 75 middle school math teachers in 

Markazi Province, Iran, during the 2010-2011 

academic year found that while teachers 

recognized the importance of examples, they 

lacked knowledge about educational examples 

and their teaching potential. Their concept of 

examples did not include theorems, problems, 

definitions, proofs, or arguments [51].  
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Trafton and Reiser [52] compared teaching 

solely through examples with teaching through 

examples and problem-solving. They found that 

presenting both examples and problems had a 

greater impact on learning than examples 

alone. Students learn best when they can apply 

knowledge from examples to new problems. 

The study concluded that the most effective 

way to structure learning materials is to present 

a solved example followed by a similar problem 

for students to solve, allowing them to 

recognize similarities and support their 

problem-solving process. In mathematics, 

introducing real-world problems connects 

students to the subject and highlights its 

everyday relevance. This approach creates 

purposeful experiences that build motivation 

and curiosity, ultimately improving 

understanding of mathematical concepts [53]. 

Research aimed at improving geometry 

instruction and creating an immersive learning 

environment suggests that using various 

techniques, such as incorporating examples and 

GeoGebra software, can be a significant step 

forward. 

 

Method 

 

Participants 

The study population comprised 332 female 

11th-grade students from District 3 of Isfahan 

during the second half of the 2021-2022 

academic year. For the selection of the 

statistical sample, 60 students from three 

schools in District 3 of Isfahan were chosen 

using a purposive sampling method. 

The participants were divided into two 

experimental groups and one control group. 

 
Instruments 

All participants completed Cattell's Culture Fair 

Intelligence Test and a pre-test in Geometry 1 

with identical questions. The first experimental 

group received an instructional video on 

constructing simple shapes and measuring 

shape components using GeoGebra software, 

along with virtual instructions on effective 

software use. The first author addressed their 

issues in five one-hour sessions. Additionally, 

five practical examples related to longitudinal 

relationships in triangles from the 11th-grade 

geometry textbook were presented, with 

responses designed using GeoGebra. Content 

validity was ensured through feedback from 

five experienced professors and teachers, who 

also reviewed aspects such as adherence to 

Persian grammar. The test questions 

demonstrated good reliability (Cronbach's 

alpha = 0.81). Given that this number exceeded 

0.7, the test questions demonstrate good 

reliability. 
 

Design 

This research employs a quasi-experimental 

design with two experimental groups and one 

control group, including pre-test and post-test 

assessments. In terms of its objective, it is 

considered an applied study. Two methods 

were investigated for teaching longitudinal 

relationships in Geometry 2: (1) solved 

examples using GeoGebra software and (2) 

examples created by the researcher without 

software. This study tested these hypotheses: 

Both methods are more effective for 

theorem learning than traditional approaches. 

When teaching geometry theorems, 

particularly Theorem 2 on longitudinal 

relationships in triangles, solved examples with 

GeoGebra have a greater impact than 

instructional examples alone. Data analysis was 

conducted using SPSS 25 software, including 

ANCOVA analysis, Kolmogorov-Smirnov test, 

and Levene's test. 
 

Procedure 

Eleventh-grade math students were divided 

into three groups: two experimental and one 
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control. The first experimental group used 

teacher-provided examples and GeoGebra for 

theorem conjecture and proof. The second 

group used only teacher-provided examples, 

while the control group received traditional 

instruction. The research hypothesis stated: 

Using examples and GeoGebra software to 

learn geometric theorems about longitudinal 

relationships in triangles has a positive effect 

and is more effective than teaching with 

examples alone. Figure 4 summarizes the study 

sessions. 

 
Teaching topics 

Teaching topic: Determining the length of a 
triangle's side using one side length and two 
angles 

 
 

 

 

 

 

 

Sessions 
Problem (1) Description: Students were presented with 
a scenario involving a triangular area in Isfahan city, 
formed by Khayyam, Motahari, and Saeb streets. Given 
specific angle measurements and one side length, 
students were tasked with calculating the length of 
Khayyam Street. 
 

 
Fig. 1: Figure drawn in GeoGebra for problem 1 

 
Teaching topic: Determining the length of the 
third side of a triangle using the lengths of two 
sides and the included angle  
 
 
 
 
 
 
Teaching topic: Calculating the median length of a 
triangle using the lengths of its three sides 
 

Problem (2) Description: Students solved a practical 
problem involving the installation of a slide in a children's 
playground. They were required to calculate the distance 
between the base of a ladder and the base of the slide, 
given specific angle and length constraints. 
 
Problem (3) Description: This session involved a real-
world application where students calculated the total 
distance of a route between school, library, sports club, 
and home, given specific distances between locations. 
 

 
 

Fig. 2: Figure drawn in Geogebra for problem 3 
 

 
 

Teaching topic: Determining the length of the 
interior angle bisector in a triangle 
 
 

Problem (4) Description: Students engaged with an 
astronomy-themed problem, calculating the distance 
between a celestial object and the Sun, using given 
distances between Earth, Neptune, and the Sun, and the 
object's position relative to these bodies. 
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Teaching topic: Calculating the area of a triangle 
using the lengths of its sides and applying Heron's 
formula 
 
 
 
 
 
 
 
 

Problem (5) Description: The final problem involved 
calculating the total area of a proposed rectangular 
swimming pool and an adjacent lawn, demonstrating the 
practical application of area calculations in a real-world 
context. 

 

 
 

Fig. 3: Figure drawn in Geogebra environment for 
problem 5 

 
 

Methodology Note 
All problems were presented to students for solving, with 
figures drawn in the GeoGebra environment to aid 
visualization and understanding. 

Fig. 4: Training sessions overview: Geometry 2 Theorems - Longitudinal triangle relationships. 

 

The questions were based on real-world 

scenarios. For question 1, Figure 5 shows an 

aerial image of Motahari, Saeb, and Khayyam 

streets captured using GPS technology.  

 

 
 

Fig. 5: Motahari Street distance (340 meters) - 

Real image 

 

After receiving the questions, students began 

solving the problems using tools such as 

protractors and rulers. They also applied their 

knowledge of trigonometric relationships, 

which led to accurate solutions in some cases. 

For example, in problem 1, students recognized 

that the sine function could determine the 

length of the side opposite a given angle in a 

right triangle. Figure 6 shows a correct solution 

to question one, as presented by one of the 

students.  

 

 
Fig. 6: Problem (1) solution by the experimental 

group student 

 

In the first experimental group, we enhanced 

educational examples with GeoGebra software. 

This allowed for visual representations and 

measurements, simplifying problem-solving. 

The dynamic GeoGebra environment lets 

students test various approaches, shifting 

between experimental inferences and 

mathematical reasoning. Students could make 

initial guesses using the software, observe 

results, and gather information by exploring 
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different scenarios. This process often led to 

correct answers through empirical reasoning. 

While mathematical and experimental 

approaches seemed equally valuable at first, 

group discussions and teacher prompts helped 

students recognize the need for formal proofs 

to support their ideas. After the groups 

formulated answers, the teacher provided 

indirect guidance without intervening in their 

choices. Solutions were validated through 

software and group consensus before 

presentation to the teacher, who then 

discussed them with students as a peer. If the 

solution withstood scrutiny, it was presented to 

the entire class. Group members then defended 

their assumptions and solutions against 

critiques from the teacher and other groups, 

highlighting the importance of formal proof. 

Initially, some students were hesitant to engage 

in problem-solving. However, successfully 

resolving problems led to increased excitement 

and pride. This enthusiasm grew, encouraging 

even reluctant students to collaborate actively 

after the second session. GeoGebra's features, 

which allowed for quick hypothesis testing 

while working in groups, further encouraged 

exploration and research. The process of 

defending claims and critiquing others' 

solutions not only increased excitement and 

problem-solving skills but also improved 

students' accuracy in presentations and 

responses. Figure 7 illustrates the solution for 

problem 1.

 

Tool selection Procedure 

 
1. Construct a line segment AB with a length of 3.4 units. 

 
2. From point A, extend a ray passing through line segment AB. 

 
3. Select an arbitrary point C on the ray extending from A. 

 

4. At point B, construct an angle of 135° in the clockwise direction from the initial line 
segment AB. 

 
5. Extend a ray from point B along the 135° angle constructed in step 4. 

 

6. At point A, construct an angle of 75° in the clockwise direction from the initial line 
segment AB. 

 
7. Extend a ray from point A along the 75° angle constructed in step 6. 

 

8. Identify the intersection point of the two rays constructed in steps 5 and 7. Label 
this point D. 

 
9. Connect points A and D to form line segment AD. 

 
10. Measure and record the length of line segment AD. 

Fig. 7: Problem (1) step-by-step solution using GeoGebra 
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The final output corresponds to Figure 8. 

 
Fig. 8: Problem (1) final solution output in 

GeoGebra 

 

Using a 1:100 scale applied to the figure, we 

estimated Khayyam Street's length to be 

approximately 270 meters. This measurement 

aligns with the length obtained from the aerial 

map, as shown in Figure 9. 

 

 
Fig. 9: Khayyam Street length - Real map 

measurement 

 

The second experimental group tackled 

problems using a pen, paper, ruler, and 

protractor to sketch shapes. Teacher guidance 

helped them form hypotheses about angle and 

side relationships, which they then verified. This 

hands-on approach led to a deeper 

understanding of theorem proof.  

During this time, the control group learned 

the same content through standard teaching 

methods. After the course, all groups took a 

post-test with 20 questions on length 

relationships in Geometry Triangle 2. To ensure 

content validity, experienced Geometry 2 

teachers evaluated how well the questions 

measured the content and objectives.  

Results and Findings 

 

To test our hypothesis that "Using examples 

and GeoGebra software for teaching geometric 

theorems related to longitudinal relationships 

in triangles has a more positive impact than 

traditional example-based teaching," we used a 

one-way analysis of covariance (ANCOVA). 

This method allowed us to evaluate the 

effect of the independent variable on the 

dependent variable while accounting for 

potential covariate influences. Before applying 

ANCOVA, we needed to meet several key 

conditions: 

- Random sampling 

- Normal distribution of the dependent 

variable within each group 

- Equal variances of the dependent variable 

across groups 

-. Consistent regression line slope between 

the covariate and dependent variable at 

different levels of the independent variable 

To assess the initial impact of intelligence on 

geometry learning, we administered the Kettle 

Scale 3 intelligence test to both experimental 

and control groups. 

Table 1 shows that the mean intelligence 

scores of students in both experimental and 

control groups are similar. We then checked 

whether students' scores in learning geometry 

concepts were normally distributed. 

The data in Table 2 support the assumption 

of normal distribution for geometry concept 

learning scores at the 0.05 significance level. 

We used Lune's test on these scores to assess 

the impact of the pre-test on post-test results 

and to check for equal variances. 

Table 3 shows that the F-value for geometry 

concept learning is not statistically significant (F 

= 2.773, p > 0.05). This indicates that the group 

variances are likely homogeneous. For 

covariance analysis, we must check if the 

regression line slope between the covariate and 
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dependent variable is consistent across 

different levels of the independent variable in 

both groups. This step is necessary to ensure 

the covariates are not linked to the 

independent variables. 

Table 4 shows that the independent 

variable's significance level is 0.234 (p > 0.05), 

indicating it does not significantly affect the 

dependent variable. The F-values for the 

interaction between the covariates—pre-test 

and intelligence (0.080 and 0.560, 

respectively)—are both above 0.05. This 

suggests these two variables have little impact 

on the dependent variable (post-test scores). 

Therefore, we can conclude that these variables 

did not significantly influence the post-test 

scores. The marked improvement in post-test 

scores appears to be primarily due to the use of 

examples and GeoGebra software in the 

experimental groups. 

Table 5 reveals several key differences. The 

average difference between the first 

experimental group, which used examples and 

GeoGebra software, and the second 

experimental group, which used only examples, 

is 0.975. This difference is significant (p = 0.022, 

< 0.05), showing that the first group performed 

better than the second. The first experimental 

group also outperformed the control group, 

with an average difference of 1.444 (p = 0.000). 

In contrast, the average difference between the 

second experimental group and the control 

group is 0.469. This difference is not statistically 

significant (p = 0.557, > 0.05). This suggests that 

teaching Geometry 2's chapter on longitudinal 

relationships in triangles using examples alone 

does not differ significantly from traditional 

methods. 

These findings support the research 

hypothesis: combining GeoGebra software with 

examples effectively improves geometry 

concept understanding among 11th-grade 

mathematics students.

 

Table 1: Intelligence scores comparison - Experimental vs. control groups (mean and standard deviation) 

Control Group Experiment Group 2 Experiment Group 1  

Std. 
deviation 

Mean 
Std. 

deviation 
Mean 

Std. 
deviation 

Mean  

12.66 106.73 15.00 107.05 11.77 106.65  Intelligence 

 
Table 2: Data normality check - Kolmogorov-Smirnov test 

Components Group Statistic D f Sig. 

Learn the Concepts of 
Geometry 

The experiment 1 .129 20 .200 
The experiment 2 .123 20 .200 

Control .075 20 .200 

 

Table 3: Leven-test to check for equality of variances 

Components F Df1 Df2 Sig. 

Learn the Concepts of Geometry 2.773 2 57 .071 

 

Table 4: Between-subjects effects tests 
D f Source Mean Square F Sig. 

2 Group 1.898 1.495 .234 
1 Pretest 265.538 209.083 .000 

1 Intelligence 1.240 .976 .328 
2 Group*Pretest .102 .080 .923 
2 Group* Intelligence .711 .560 .575 
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D f Source Mean Square F Sig. 

51 Error 1.270   
60 Total    

 
Table 5: Pairwise Comparisons 

 Group(I) Group(J) Mean Difference (I-J) Sig. 

Experiment Group 1 Experiment Group 2 .975 .022 
 Control Group 1.444 .000 

Experiment Group 2 Experiment Group 1 -.975 .022 
 Control Group .469 .557 

 

Discussion  

 

A recent study examined three teaching 

approaches for the distance relationships 

chapter in 11th-grade geometry: 

- Combining practical, real-world examples 

designed by the first author with GeoGebra 

software 

- Using these examples independently 

- The standard teaching method 

Van den Heuvel-Panhuizen and van Zanten 

[35] argue that students' lack of mathematical 

understanding often leads to avoidance. They 

advocate for reality-based mathematics 

education, which aims to rebuild mathematical 

concepts using informal knowledge and 

relatable facts under teacher guidance.Gholam 

Azad [28] describes this reality-oriented 

approach as "guided re-creation," where 

students experience the process of 

mathematical invention, developing a sense of 

ownership over their strategies and results. To 

make geometry more engaging, the first author, 

an Isfahan resident, drew inspiration from her 

surroundings. She designed questions to teach 

geometry theorems related to distance 

relationships in triangles more effectively. 

Experienced geometry teachers reviewed these 

questions. For example, she conceived a 

problem to estimate the length of Khayyam 

Street using geometry after crossing the 

Marnan Bridge near the intersection of 

Khayyam and Saeb streets. This required 

knowledge   of  Motahari   Street's   length,  the  

distance between Saeb and Khayam streets, 

and the angles between them. She obtained 

this information from the "Neshan" route finder 

program's aerial map. In the geometry class, 

Question 1 sparked excitement. Some students 

suggested measuring Khayyam Street in person, 

viewing it as both an outing and a problem-

solving exercise. One student proposed using 

cycling distance-tracking software. However, 

the challenge was to solve the problem without 

leaving the classroom. Geometry provided the 

solution. The process began with modeling the 

real-world scenario. Streets were represented 

as triangle sides, and a graph was drawn using 

the given angles. Students recalled right-

triangle theorems to tackle the problem. In 

groups using only examples, students worked 

with pen and paper. But was there a quicker, 

easier method? Recent years have seen 

increased student engagement through 

software use [54]. Research by Mukamba and 

Makamure [55] shows that integrating 

information and communication technology, 

particularly GeoGebra, improves students' 

understanding of geometric transformations 

compared to traditional methods. Computer-

generated forms and dynamic visuals have 

improved mathematical concept visualization 

and representation, outpacing traditional 

methods in both speed and knowledge 

retention [54]. Various software applications 

exist for mathematical problem-solving, 

including ChatGPT, PhotoMath, Squirrel, 

Minerva, GeoGebra, and Wolfram Alpha [56]. 
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For geometry problems, GeoGebra stood out as 

an effective tool for personalizing learning, 

increasing accessibility, and improving 

educational assessments [54]. Students, 

already familiar with GeoGebra from previous 

lessons, worked in groups of three to model the 

problem. Using the software's distance 

calculation feature, they determined the 

required length. Stronger students assisted 

those who needed help. The dynamic nature of 

GeoGebra allowed students to observe how 

changing angles affected triangle side lengths, 

encouraging them to hypothesize about side-

angle relationships. To conclude, the teacher 

introduced the sine theorem for triangles. This 

approach aligns with research by Arbian and 

Shakur, which confirms GeoGebra's positive 

impact on student progress [57]. Student 

participation in problem-solving fostered 

deeper learning through increased interaction. 

Shadan and Leong [58] noted that collaborative 

learning helps students reinforce their 

knowledge with peer support. Peer interactions 

enable students to guide each other towards 

shared understanding. Higher-ability students 

play a crucial role in helping their lower-ability 

peers succeed in assignments. This study 

revealed that GeoGebra software boosts 

students' motivation to learn geometry. This 

aligns with Zangin and Tatar's [59] findings that 

interactive learning environments correlate 

with cooperative learning in improving student 

motivation and engagement. 

Question 2 was inspired by a real-world 

scenario: planning a kindergarten next to a 

school for teachers' children. The challenge was 

to determine the area needed for a safe, low-

height slide. This problem, presented in the 

second teaching session, introduced the cosine 

theorem. Notably, some students who 

previously disliked geometry now looked 

forward to these classes. However, some 

viewed the software as a game, requiring 

careful teacher supervision to maintain 

educational focus. A student named Maryam, 

who frequented Horisa Sports Club and planned 

to visit the Imamzadeh Mohsen (AS) library, 

inspired Question 3. This problem required 

calculating a detour route, introducing the 

concept of midpoint calculations. GeoGebra 

proved invaluable, offering both speed and 

accuracy in problem-solving.  

Another student, Setayesh, expressed 

interest in astronomy's geometric applications. 

This led to Question 4, which incorporated real 

data about Earth, Neptune, and Sun distances 

from Google. This problem served to teach the 

triangle bisector theorem, demonstrating 

geometry's relevance in astronomical contexts. 

The Bakhtiar sports complex, with its 

swimming pool and green space, inspired 

Question 5. As the geometry class progressed, 

student engagement and interest grew, making 

the subject enjoyable. This outcome aligns with 

Joshi and Singh's research [60], which found 

that students view GeoGebra as an effective 

tool for learning mathematics, grasping 

concepts, boosting problem-solving confidence, 

and fostering creativity in a visual, enjoyable 

manner. However, it's important to note that 

using GeoGebra effectively requires teachers to 

have a clear understanding of the shapes they 

intend to draw. A study of 23 math teachers at 

a small U.S. university revealed that while they 

could easily draw familiar shapes, they 

struggled with less common ones like non-

isosceles trapezoids [61]. In the experimental 

group taught using only designed examples 

without software, students showed enthusiasm 

in participation. The use of real-world examples 

relevant to students' lives increased their 

motivation to attend and learn geometry. This 

approach builds on Ozgur's research [24], which 

highlighted the use of examples for elementary 

students in exploring, developing, refining, 

generalizing, and justifying conjectures. The 
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effectiveness of examples in this study aligns 

with Rezaei and Mohammadzadeh's findings 

[46]. They identify examples as efficient tools 

for expressing key features of instructional 

definitions or explanations in problem-solving. 

Examples, with their unique characteristics, 

significantly impact learners' understanding by 

representing concepts and demonstrating 

concept formation processes. This research 

confirmed the hypothesis that combining 

examples with GeoGebra software for teaching 

geometric theorems about length relationships 

in triangles is more effective than using 

examples alone. This integrated approach 

encouraged active student engagement, 

speculation, and a deeper understanding of the 

subject matter. 

 

Conclusions 

 

This study examined the effectiveness of 

different methods for teaching distance 

relationships in triangles. It compared the use 

of practical examples solved with GeoGebra 

software against using practical examples alone 

and traditional teaching methods. For 11th-

grade Geometry 2 students, GeoGebra 

software facilitated more efficient learning of 

triangle distance relationships without causing 

frustration. It improved students' software skills 

while making the geometry classroom more 

engaging and enjoyable. Introducing practical 

examples before using GeoGebra for problem-

solving enhanced this effect. This approach 

improved problem-solving skills and increased 

student motivation for active participation and 

collaboration. The findings suggest that 

geometry education should extend beyond 

theory to include enriching learning tools. 

Combining GeoGebra software with practical 

examples in teaching triangle distance 

relationships empowers students to explore 

mathematics, develop critical thinking, and 

unlock their creative potential. Geometry 

educators are encouraged to learn GeoGebra 

and effectively incorporate visual aids into their 

lessons. Recommendations include: 

- Encouraging students to install GeoGebra 

on their personal devices. 

- Allocating time for students to become 

proficient with the software. 

- Math teachers designing applied examples 

for various geometry topics during their 

planning meetings. 

- Having students solve these examples using 

GeoGebra to experience a more interactive and 

practical learning approach. This integrated 

method promotes a more engaging, practical, 

and effective geometry learning experience. 
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