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ABSTRACT

One of the most important concepts in mathematics, which has
Received: 16 January 2018 always been difficult for students to understand, is the concept of limit. Due to the connection
Reviewed: 19 February 2018 of this concept to many other concepts such as infinitely large and infinitesimally small,
Revised: 2 May 2018 continuity, derivative and integral, its correct understanding and comprehension is of

Accepted: 29 May 2018 particular importance and this has led to its teaching and learning by math educators. Although

this concept has been explored many times in educational research by researchers, it is still
difficult for students to understand.

Keywords: There are several ways to identify problems in understanding concepts, including the concept
Conceptual Understanding of limit. One of these methods is to study how concepts and structures are formed that
APOS Theory

students create to learn concepts in their minds. The aim of this study is to assess students,
understanding of the concept of limit in the third year of secondary school based on the APOS
theory. APOS theory is a theory of learning that is used in academic mathematics. The theory
categories students’ understanding of concept across the levels, and is able to models mental
structures that person to understand of the concept.

Concept of LIMIT
Third Year of Secondary
Mathematical Education

* Corresponding author M This research is a descriptive study using survey. The sample of this research is 234
e _reyhani@sru.ac.ir students in third grade from Qarchak city who have been randomly selected. The instrument
@ (+9821) 22970005 is a researcher-made questionnaire with six questions. The reliability of the test was estimated

by Cronbach’s alpha and is approved in the amount of 0.82.

LM The results show that most students do not have a good understanding of the
concept of limit and they mostly can do the limit problems correctly, if they have a routine way
to solve them. The weak structures affect not only their understanding of the concept, but also
depend on the understanding of the concepts such as continuity.

When introducing the concept of limit, the teacher can prevent the construction
of correct schemas of the concept of limit by using slang and giving the initial idea. Because the
role of the teacher in constructing a concept of limit is very important, if the teacher teaches
in an inappropriate way, it may prevent the student from absorbing the concept of limit.
Another reason for stopping the growth and development of the concept is the continuous
evaluations in educational environments that do not emphasize the need for conceptual
understanding of the concepts and are limited to routine methods to achieve better results.
For this reason, doing research in the field of teaching and learning any concept in
mathematics, such as the concept of limit, can lead to more effective teaching strategies.
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Table 1: Classification of the concept of function and limit based on Dobinsky,
Mcdonald, Weyer and Maharaj.

Describe understanding of concept Level Concept

Find values of function if their criteria are specific
(single criteria) draw a simple linear function, Action
detection of the function from a regulare couple.

Find values of function in multi criteria function,
draw second-degree, function using transfer, detect
function from diagram, draw multi criteria function
in completely for example drawing one or more
parts of the function correctly.

Process

Function
Detecting the function statement from its graph,
draw multi criteria function in correctly, domain and
range detection functions, understanding the formal
definition of function.

Object

Apply between function such as fertility and so on,
moving between the various representation of the
function and their abilities to transform and each
other.

Schema

Calculation of the limit of the function obtained by
combing values to the point where it is requested Action
and calculate the limit through the function.

Find the limit of multi criteria function at border
points, find function, limit at the point if it is not
defined at the same point, find the function limit on
the chart, calculate the left and right of function, for
the two criterion function, detect the existence of
limit through for the left and right side of function.

Process
Limit

Detecting the existence of a limit in both
representations of drawing a shape and a statement Object
simultaneously.

Calculating infinity limit or limit in infinity, detection
of function continuity and investigation of the cause
of continuity.

Schema
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Table 4: Result of question 1 part C based on APOS and percentage
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Table 2: Result of question 1 part A based on APOS and percentage

Express reason of Distinguish h(2 2 i
p reas Ag i Part of question (2) g2 f (2) Part of question
continuity continuity
Function Function Function Concept
Object level of limit Object level of Intelligibility major
concept to level limit concept .
Process Process Action Intelligibility major
schema
47.25 54.94 3 of Math 79.12 43.95 98.9 31 of Math
19.58 22.37 34 of Science
68.53 11.18 90.9 3 of Science
30.34 35.04 Total
72.64 23.93 90.01 Total

s ol il glaciond a5 o555l ;o olygel tils o ,Slae
@ by slaceond 4wl ,0 oljeel il Cans oS sas o olis

Ao, 43 APOS ol 3B Ceond Vg ulis ¥ Jgoo
Table 3: Result of question 1 part B based on APOS and percentage
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gl T LI 0 a8 sl b § oslid cod stwyo 1) slabals Process Process Action Intelligibility major
ol (Bl e il atly JSie o] as aulxe )
5 a5 a5 5 b e 5 alai Ky o b 4> oljeel 67.03 86.81 93.40 37 of Math
- rd H
S0 Jgomr 5 Jsl Ul 4 olisel il slagely 5 olaaiges 55.24 81.81 83.39 3™ of Science
- = 59.82 83.76 87.60 Total
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Table 5: Some examples of students’ responses to question 1

Level Answers Example Part Quastionl
Action level of function concept f (2) =5 Farzaneh Calculate
f(2)
Lower than Action level of function concept f(2)=4 Fatemeh
Action level of function concept non Maryam Calculate
9(2) A
Lower than Action level of function concept g (2) =5 Mina
process level of function concept h (2) =3 Somayeh Calculat
alculate
h(2)
Lower than process level of function concept h (2) =4 Mahdiyeh
Action level of limit concept 1|E12f (X ) =5 Fatemeh Calculate
Iimx -2 f (X )
Lower than Action level of limit concept )I(linzf (X ) =4 Somayeh
process level of limit concept Im; g (X ) =5 Tahereh
X—>
Calculate
Lower than process level of limit concept lim g (X ) = Non Akram -
X2 IImx»Z g(X)
Lower than process level of limit concept I”T; g (X ) = 4 Fatemeh B
X
process level of limit concept )I(l_rg h (X ) =4 Maryam
- Calculate
Lower than process level of limit concept !(In; h (X ) =3 Mahsa
- -
Ilmx —2 h (X )
Lower than process level of limit concept )I(ln'; h (X ) = 5 Mina
-
Level object of limit concept. Distinguish the because it has been defined inall f (x ) Farzanch
function correctly but not enough reason. parts.
Lower than process level of limit concept. Cause . .
. g (X ) because the function amount is .
maybeg(Z) or |Imxﬁ2 g (X ) was calculated o Haniyeh Distinguish Continuity C
wrongly. equal with it limitation and Express reason
because it is the only function f (X )
Updatable Object level to Schema level of limit which the amount of it equal with its limit Mina

and has the continuity condition.

Aoy 4 APOS wlol p A Cond ¥ Jlow ulis # Jgax
Table 6: Result of question 2 part A based on APOS and percentage

Function Function Concept
Lower than object Object Intelligibility major
18.69 81.31 31 of Math
43.36 56.64 3 of Science

33.77 66.23 Total
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Table 7: Result of question 2 part B based on APOS and percentage
ol o0 J‘al.'> c;b )‘09.@4 9 dJaaL@ O .lal.u)|

Those who Those who Those who couldnt
could gave a could gave a distinguish the function ~ Type of people 45])\ A oo Jjb\? IS Y J‘}w 4@ Ql)’}‘,k)‘:u‘b LSLQ.G“’[‘? ).‘ C;’.L“’“'j*-"
good reason good reason but they could answer
for all 3 parts. for part B calculate the limitation el 00l
Limit Limit Limit Concept
Process to Process Action to updatable to Intelligibility
updatable to process major
object
67.03 72.52 5.49 34 of Math
39.86 51.74 11.88 3rd of Science
50.42 59.82 9.40 Total F Sl Jokei

-X+2 X>2
-2 X =2
X -3 X <2

e Gl SW5us 4y 9y Ky Sl 0, (x)= &b -y
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Table 8: Some examples of students’ responses to question 2

Levels Answers Example Part Question2

Object level of function concept g (X ) Maryam
Lower than object level of function concept f (x) Fatemeh

Distinguish

the function A

Lower than object level of function concept h (X ) Zeynab of the graph

Lower than object level of function concept k (X ) Raziyeh
No because

Iinow_ g(x)=(0-1)%=1
limg(x)=2x0+2=2
x—0"

Updatable level of process to level of object Maryam

So the limit are not equal function doesn't have

limit

Distinguish
No because "mf (X):2><O+2=2 the limit and B
X0 express

Updatable level of action to level of process limf (x)=(0-1%*=1 Fatemeh reason

X =0

So it doesn't limit

because the left and right limit of the g ()( )
Updatable level of process to level of object function plot are not equal so it doesn't have Nasrin

limit
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Table 10: Result of question 3 part B based on APOS and percentage

Updatable level of Process Intelligibility major

to level of object Process
68.13 72.52 31 of Math
52.44 67.13 3rd of Science
61.11 69.23 Total

Qo0 4 APOS (wlol 1 C Ceand ¥ Jlow guli VY Joux
Table 11: Result of question 3 part C based on APOS and percentage

‘Mbu’_m Cewd o @U )‘ Sologes ez ¥ J‘}w le Comd J> sl
slitul oy, 531 sla by, 4 Yool Coond ol Jo (sl el il
sor @l aods 35S o 18 Bl s psde Sl anll gl
@ aS Jljael s mmsS oo Bl opl jlicl sl &IV B A
Qyls 18 o papie 3l b e jo Wilesls mors Fuly 8 Ceed
&b laie 5 @l oo 50 o]y = b g0 b ol 3l 5l atws (plaS

4 0903 ey 59y 5 b g Wlodws ) Zemmo Azl a5 00,5 e )

Those who Those who Those who Those who F— . “ . 2.
) : : : D08 Dygo gy p0aS Wledy g alall (pl jo Bl (Siwge pos
just draw all just draw a just draw a just draw a Type of
parts of correct plot correct plot correct plot answer LSLQM 6«01.05 £ )fl Lol ;J)f wl? )|)§ a> ‘n}e‘_é.o )‘| £ oW CJ"""
function for left limit right limit L . . . .
3M«.\SsswG’a.w)s‘w.aﬁjuj)éu.\mlgoé‘éwewlivJ‘Q.w
Function Function Function Function Concept B
0y (Niwsgy potio 5| s haw g 0> pogde jlelsr b mhaw 4
v ol ey Olsgel dls ) S b0 gl 4y axgi b adlas el
Object Process Process Process Intelligibility R DT e . . L. .
major )Q Y J‘}...u LY u‘)}&:‘uﬂa‘é L.SLQG""L' )l ‘;L‘bmw dalsl )0 .Aa‘m.\#u)
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38.46 52.74 51.64 56.04 31 of Math
13.98 16.08 18.88 20.27 31 of Ao, 4 APOS u,‘JL“,I A Ca sy Jlﬁ"“ C"L"' q Jsé?
Science Table 9: Result of question 3 part A based on APOS and percentage
235 30.34 31.62 34.18 Total Those
Those who Those who who
R calculate both calculate right calculate Type of answer
223 4 APOS bl 1D Ceond ¥ Jlgw glis AV Jgor part of limit limit correctly left limit
Table 12: Result of question 3 part D based on APOS and percentage correctly
Th h L L .
Those who replied parts 05€ Who Limit Limit Limit Concept
replied part D Type of answer
all correctly
correctly
Limit and continuity Limit Concept Process Action Action Intelligibility major
Schema and action of Object Intelligibility major
continuity
81.31 86.81 81.31 31 of Math
" )
29.67 60.53 31 of Math 58.04 81.11 75.52 3rd of Science
8.39 59.44 31 of Science 67.09 83.3 77.7 Total
16.66 59.82 Total
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Table 13: Some examples of students’ responses to question 3

Levels

Answers Example Part Question 3
Process of limit lim f (X ) =0 Maryam Calculate A
X2 limf (x)
limf (x)=-1 X2
X—2" 9
Process of limit lower than lim f (X ) =_2"4+2=0" Fatemeh XILT,f (X )
x—2"
limf (x)=2"-3=-1"
X—2"
Process of limit lower than No because function is not calculated in number 2 Haniyeh Distinguish the limit and B
Express reason
Level process of limit update to No because left and right limit are not equal Farzaneh
object limit
Object of function lower than 4 Zahra Draw graph C
-1 2>~.-3 -4
2s] /; S
2 ~
-3
Lower than level of function object 4+
update to level object function Mahsa
1 2 < ; B
-1 7L -
> /.
-3
Object of function level + Mina
T 2
-1 - S5
-2 -
-3
Lower than level of limit object It doesn't have continuity because the left and right Zahra Distinguish the continuity and D
update to level schema limit limit of function are not equal express reason
Object of limit lower than No, it is continuity function when the graph is two Mahsa

separate lines.
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Table 14: Result of question 4 parts A and B based on APOS and percentage

‘u:“"’ L’?L”UL’ f’?'e.’é"’ “ X > 0 LS‘)Z' y =X 2 +2 ) (9T IR (50 Calculate
oy s BX e YL e & axly g5 Bl 4y =x2 limf (x) @ekefE) Part of question
X —3
‘-\-"’bg“ y =X £ @L’UL"' P?’Q’é" “ Y =-2X +2 Limit Function Concept
C"a"‘“ ° &\oo; ) T ‘) Coomd S Lads o d‘)ﬁ""u‘”‘“\’ Action Action Intelligibility major
VY Jsaz 5o Gl Cond gl .8 )5 wunles 18 aili pgpie 3l ol )8 82.41 9.89 31 of Math
- e sl 75.52 2.79 3rd of Science
el oy, &, 78.20 5.55 Total
oolaiwl 2l dlals 5l o aulxe gy jaeliils ST Cwad o
§ 2 A> 1od 92 08 oo )8 a> sgehs _x.ul).s zhw ;o s o yd 43 APOS ulusl 53 € Ceond T Jlgus gl V0 Jgo
o ML?EA J-\L" dJa;La 5 ),‘ ﬁ“"‘") RO Table 15: Result of question 4 part C based on APOS and percentage
s a3l 00ls o Gl @ o2 g il 4 o 550l tils ST > Limit Concept
@U S O -]"L.J)‘ )~| 09 Cow) ;155)| J:lﬁ ;w CJG"" & ..\...:1)3 )~| 9| Object Intelligibility major
i e (228U G 5o g Cenl ST OIS alas S o 25 0 31.86 31 of Math
o3 11 Jpsr 50 S ol il sl S labioes s o

o
F Sy Jeloi

e Feasly SV g 250K Sl )0 05 O psen ], 0 (X) 9 f (X) &b g0 -
(loas 4] 3o b Jlagas 5 sl oo abuls)

9(x) s fx)= x 2 —2x x #1
0 x =1

limg (x) =[] limf x)=L]
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Table 16: Some examples of students’ responses to question 4

Levels Answers Example part Qustion4
Action of function f (3) = Non Atiyeh Calculate A
Lower than action of function f(3)=0 Nazanin S
Lower than action of function 0 Maryam
f@=—
0
Object of limit . (x —3)()( +3) . x?2-9 3#2-9 0 Parnia Calculate B
—lim =lim = =— limf (x)
X3 x -3 x>8 x-3 3-3 0 X3
lim(x +3)=3+3=6
x—3
Lower than object of limit updatable to object X +3=9 lim (x =3)(x +3) i ?_9 0 Niyayesh
of limit W% x-3  +%33 0
Object of limit Yes, because the function is bounded in the Fatemeh Distinguish the C
neighborhood of 3. limit and express
Lower than object of limit No because it is ambiguous Farzaneh reason
Lower than object of limit No because the amount of function and limit are Fatima
not equal
Lower than object of limit updatable to object Yes the limit is 6 because we have been able to Mahsa

of limit resolve the ambiguity.
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Table 20: Result of question 6 part A based on APOS and percentage

Iimg(x) limf (X) Part
x—1 x—1
Limit Limit Concept
Process Process Intelligibility major
49.45 50.54 3 of Math
30.06 48.25 3rd of Science
37.6 49.13 Total

el (o) p @S 3,8 )13 &b Jos ghaw ;5 © Ceond mozes Jo
el 0 BV gz 138 Jlgms o Ceand 4
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Table 21: Result of question 6 part B based on APOS and percentage

g@ f@ Part
Function Function Concept
Action Action Intelligibility major
59.34 72.52 34 of Math
39.16 46.85 3rd of Science
47.0 56.83 Total

0 Ul 2 Sligel G5 slosenly
Table 19: Some examples of students’

Aoy 4 APOS bl p A Ceond B Jlgw mls VY Joo
Table 17: Result of question 5 part A base on APOS and percentage

Those who draw Those who Those who just - ;
eo
the function just draw left draw right part of P
. - answer
completely part of limit limit
Function Function Function Concept
Object Process Process Intelligibility
major
35.16 67.03 46.15 31 of Math
26.57 30.06 38.46 3rd of Science
29.91 44.44 41.45 Total

ao,3 4 APOS bl 2B Ceand 0 Jlow guli VA Joux
Table 18: Result of question 5 part B based on APOS and percentage

Those who gave
answer to part B

Those who gave answer

to question 5 Type of answer

completely correctly
Limit Limit Concept
Process to object Process Intelligibility major
31.86 65.93 3rd of Math
20.97 60.13 34 of Science
20.21 62.39 Total

)m)dQﬁ.&al»’awy@f‘)éc.la‘n)odﬂw.:é@m&
s Jae gl 51 5V g 4 5 () 5 F(0) Sl g0

3 ebdises VA Jgax
responses to question 5

Levels Answers Example Part Question5
Lower than object function & Fatemeh Draw graph A
3
2
~1 1 2
Lower than object function(maybe in A Parvaneh
level Action)
2
1
1
Process of limit It has only left limit Fatemeh Calculate limit of B
H function in zero
limf (x)=2
x>0~
||m f (X ) = Non
x —0*
Level process of limit update to level It has limit because Farzaneh

object limit( if draw function correctly)

x =0

limf (x)=0+2=2

limf (x)=-2x0+2=2

X —0"
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Table 23: Result of question 6 part D based on APOS and percentage

Those who answered Those who answered Type of people
question6 correctly part D correctly answer
Limit and function Limit and function Concept

L el tils Cuand al jo o)ls gyt Jelos @ 5ls @ Ceend
Caonnd 55 ain o |y ol (5l 45T 098 00 9 pg (Sglite slaiaen
» b anb Gl gl by 5wl jeel il leasls awlis
il oST S5 5 lalaulogs aly dor 5l dilize clacdl>
1 &5 cnl 3lesks wlgs o5 Wil by 55 @l 0y (e 50 Gizpes
Wlgt gl zls 51058 awslio oo b 1) oyl e 9 A0S Lauseis
2o s 53 95l Ces e |, g(X) 5 F(X) &0 g anels
grve 4 byla ¥ o ¥ Cond 4 (olo e ey 0,5 (o0 )18 65
Wlgn b jgel j2lo B Caond o Wil oo o g Al o ols Fuly
5 &0 poghe gl Syo 4 atily a5 a5 sy 1) F(X) & Hloges
2 S g Cond @ gl (o @l Ablbioe o] o903 pu,

ol 00 43‘)‘ Yy J5~.\>

Schema Object Intelligibility major 2,8 4 APOS ulul 5 C cwand £ Jlgw gl VY Jooo
13.18 41.75 3rd of Math Table 22: Result of question 6 part C based on APOS and percentage
Find range Find domain
2.79 15.38 39 of Science brawf (X)) f (x) and f (x) and
6.83 25.64 Total and compare Part
of it g (X ) compare g (X ) compare
of it of it
. ., Function Function Function Concept
i Yl 4 sl
T . T a- . . Object Object Object Intelligibility
g2 o psgio j dbwgio poa Jlo ligel il S0 i sl e major
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2 ) o' 9 Pl »h
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Table 24: Decomposition of the results of the questions based on APOS
Level process Level process Level action
Schema updatable to level Object updatable to level Process updatable to level Action
Schema object process
- - - - 59.82 - 85 B 1
- 30.34 35.04 - - . _ C
- - - 50.42 59.82 9.40 - B 2
_ _ . - - 67.09 80 A 3
- - - 61.11 69.23 - - B
16.6 - 59.82 - - - - D
- - - - - - 78.20 B 4
_ - 32.05 - - - - C
. - - 20.21 62.39 - - B 5
_ . - - 45 - - A 6
6.83 - 25.64 - - - - D
11.71 30.34 38.13 37.91 59.25 38.24 80.06 Mean
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Table 25: Independent samples test for all questions

T-test of equlity of mean confidence interval

Levene's test for equality of

variainces
95% confidence interval Std, error Mean Sing(2- df t Sing F
of the difference difference difference tailed)
Upper Lower
4.40492 2.06189 0.59460 3.23341 0.000 232 5.438 0.001 11.022 Equal variances
assumed
4.45443 2.01238 0.61847 3.23341 0.000 167.067 5.228 - - Equal variances

not assumed
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