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EEL I ET B0 ST The figural patterns have a unique capacity to enhance functional thinking.

The patterns generalization in school mathematics is considered as a way to promote functional thinking.
Variable is one of the concepts in patterns generalization. Paying attention to figural patterns provides an
opportunity for students to understand the meaning of variable and how to use it. Reference is also a
central concept in patterns generalization. The number of variables is one of the characteristics that has
been proposed in the pattern generalization tasks, but all the research has been related to one variable,
linear and quadratic patterns. The aim of this study was to identifying the prior schemas in generalization
of two-variable figural patterns. As regard to the concept of two variables, understanding three-
dimensional space is a prerequisite for understanding and generalizing two-variable patterns. In these
patterns, instead of one independent variable, there are two independent variables that change
simultaneously and affect the dependent variable. Understanding these patterns requires the
development of the R2 space scheme to R3 space, which is not a cognitively complex step and does not
require the reconstruction of the existing scheme.

The present research is part of a broad research which is done using quantitative-qualitative
(mixed) research method. The research framework is APOS theory and based on the use of ACE (Activities,
Class discussions and Exercises) teaching cycles. This research was conducted in three steps. In the first
step, initial genetic decomposition for generalization of two-variable figural patterns was designed using
the background, self-concept analysis and researchers’ experiences. It includes the prior schemas for
generalization. In the second step, from the total of 493 students of Malekan City (in East Azerbaijan) as
the statistical population of research, a sample of 220, 7th grade students were selected based on the
Cochran formula for determination of sample size. Then, a test that includes 7 tasks was designed based
on APOS framework. The validity of the test was confirmed by three experts in mathematics education and
four experienced teachers. Internal consistency of questions was estimated with Cronbach’s alpha and
reported to be 0.69. Students responded the test at 90 minutes. The third step of research began with 19
students, with permission from the education and training office of Malekan, and school principals and
parents of students. This step is done in three cycles.

Using the analysis of students' responses to this test based on the APOS framework and doing
three cycles of the research were conducted with the teaching method of Activity-Class Discussion-Exercise
(ACE) with 19 students; genetic decomposition was finalized in this way, and defects of students in
reference schema, R? schema and variables schema as prior schemas in generalization of two-variable
figural patterns were identified and encoded. Most of students had a good understanding of working with
two variables. However in the context of generalization of two-variable figural pattern revealed many
difficulties at the naming of variables, and using independent and dependent variables in proper position
By identifying the mental structures of students in generalizing patterns, the path of teaching
and learning will be smoother.
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N. Asghary et al.

ohlKas 5 5 o]

ATy g o it Sy0 b by 40 ligel iils s

ENTA T

LU e 6,105 o)leds péydeix bn gloysio o 35 03] 5 0
AiS oo oolaiwln B sl alal) (ies e 0 0 Jlhe Djge

walaly idel 5l o laie SO L akal) ols )18 g5l LTS 0
g on abaly Jol> Glyie 4 g S (oo pox

oS cpl b radal) yo olael gl @ B> Slisl> @U‘ﬁ pae S o
PB rngioo |y g0 galaly 5 Wpoe o SO LS
Rl ) B S w8 e i plaw a5 golasl (gl 4wt
Ot 5 230 ol Gialesl g e g,y (wsSae Sl
bl )| asly sod LSl puass g SYolao Jo 5l 09> (5,500
ST (5))95emd e b g aS )8

Loakl, g g ol sas plgie a4 pite (38,5 a5 0 d S 0
aS goue b g asiwn gl opoled salal) bl 3l goae Jline

o2 bl o 1) alinel Oles iaplicel O gz £ U 0

oz 1 ool by 4 S salal, Lo ollg pae VS 0

eiia 90 3929 e il puie pb SISy SUlg poe A WS 0
o 90 b 1) seges (salom g oS bl e 90 wilys ses
olill.?-)obk}mtgl_mﬁ.i&a)"éidl? :d.la;.l)a,';&ai&p)b

w el [YVYAl L cligos oV b)Y glaas a5l a angi b
wenlesl 2 600l 55 Bekod cnl g wlad SO ke e sagday
5 A slaas 00 o s By lanS al sl Sl 551 51 el
RV Y SRSV OPR I (WP LYY PUOVE S L SR APV L LAY |
950 Olo plS o5l (Jle

loyeiie glp plae slapl 255 o8 Sl ils igad ol o
By a3 Slaad g (g Sl (599 8 sl 4 53T Dol
el 03,5 Ll I n

W yusio (5l (smlin oS5l 0355 1018 (5,550 90l ils 63U ylon 4o
Jins joiie 93 2 M 9N 05 a3 3 (539 atanly 5 Jies 13 ]
ol 05,5 8595 dily piie Sjge aam b as Jl> s siis
Iy Mo g saBlys a5 ams o ylid |y Slygel ils Slgl )3 ¥ Jga
Sl Vg ¥ oS ey gy e olawd o s 5)ld 055 iie (g0l 4k o

B> 90 (o piings JASS 565 4 higel iils ao,ofd wisen
s el 5655enly do e 4 Suo 3 ool aS Wleols Fuly
slaarie b QS @i 4 4 b ool s o piiesy
Jyell Gllae (ol Calid (409 dhmsmy oo JSB aiile) LSy
L oSl o lois bli )l gog 4y bogy o a5 IS gaz o gadlins
o)...:...a 3«) L> o).».v.».a d) M)LSQ ).laa Q ‘(w‘ 9§Jl L;J)"j )L».’>L~u
Fhe Jolge g 0l s 10 Coidge )3 SloaisS (s Jele 39
oAl Gl ol )b 4y bgyye) dm i j0 aS 9l ey (5,500

Dg g0 Aoy LT o (S slogSIl pons j0 (yl590] ilo

e 50 Bge Oligel (2l sl 1) Jgo
Table 1: The frequency of successful students in generalization

Frequency

Figural pattern Percent
(220 students)
One variable- linear 126 57%
One variable-quadratic 39 17%
Bi-linear 100 45%
Tow-variable 24 24%
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Fig. 8: Failure in non-monotonic condition
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Table 2: Frequency of students that have problems in understanding of the
variable.

Code 1 2 3 4 5 6 7 8 9

Frequency 9 10 11 111 8 2 47 15 16
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Table 3: Frequency of students who fail in conditions of the correct reference

Code 1 2 3 4

Frequency 34 11 56 4
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Fig. 9: Failure in cut-off point condition

S5 )5l oad LAl Yozl pgw byd e JSS s o
S Sy 4 4255 e (o gdy S jeel il o lex

il ools e

=y | / / 4
n(‘,’;/,‘,‘)/),w,/ap)g,c/// X s L\‘:r{,,ﬂ/

7T
(/Mf’;(’/("@“()’f"’jg ,( 4,.‘.44,/;«/,/,-;:\
/ e
b ﬂ/_._'a-'(-g ’/({ /,r f w&‘{jy‘: y‘”’f
-}/ W /J - /V

= v-'/-/o//‘/ gho &

$ogee 2bgn byd GAB N - 54
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Fig. 12: Ability to use of R® schema
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Table 4: Frequency of successful and unsuccessful students in using R3 schema

Code Bi- linear Two-variable
1 102 42
2 75 97

on 90 5L b og> (20 (oo DS o e 4l Gljgel il
U8 590l oo 5 1y gom 90 (50 laiBee oK igd o Ld]
oSy ilazsgal g 03,5 4,265 | (gas 90 (SLd 5 gomm) 5,250k
g L] (o dws 5Lad LB o 5L5 0 puiie g0 (SIS0 (slagSIl jo
SS90 i sl 4 Bl gom a Lad b ot LsT ol

3 s sl LSl g aiS Jlesl e 90 j0 1) ol e
e 90 ol a5 (gam dw slad Sys o ylygel Lile S 9050



N. Asghary et al.

(vY+) Olyas g (5 o)

[3] Markworth K. Growing and growing: promoting functional
thinking  with geometric growing patterns [doctoral
dissertation]. University of North Carolina, ChapelHill; 2010.

[4] Asghari N. Developing a model to enhance elementary
teachers, ability to foster functional thinking and algebraic
resoning in elementary students. Jornal of Theory and Practice
in Curriculum. 2014; 2(3): 141-162. Persian.

[5] Rivera F. Teaching and learning patterns in school
mathematics: Psychological and pedagogical considerations.
Switzeland: Springer Science & Business Media; 2013.

[6] Huntzinger EM. Exploring generalization through pictorial
growth patterns. In Greenes C E & Rubenstein R (Eds.), Algebra
and algebraic thinking in school mathematics Reston, VA:
NCTM; 2008. p. 279-293.

[7] National Council of Teachers of Mathematics. Principles and
standards for school mathematics. The National Council of
Teachers of Mathematics, Inc., Reston: USA; 2000.

[8] English LD, Warren EA. Introducing the variable through
pattern exploration. In Moses B (Ed.), Algebraic thinking, Grades
K-12, Reston, VA: NCTM; 1999.

[9] Rivera F, Becker JR. Abductions in pattern generalization, In
Woo JH, Lew HC, Park KS and Seo DY (Eds.). Proceedings of the
31st Conference of the International Group for the Psychology
of Mathematics Education. Seoul: PME; 2007: p. 97-104

[10] National Center for TIMSS and PIRLS :International Studies.
A brief report of Most  Important Results of TIMSS and PIRLS
2011 and Comparison with Iranian Students'Performance in the
Past Peroids. Research Center of Education, Tehran: Iran; 2013.
Persian.

[11] Hashemi N, Abu MS, Kashefi H, Rahimi KH. Generalization
in the learning of mathematics. The 2nd seminar on quality and
affordable education. Malazia. 2013.

[12] Chua BL, Hoyles C. Modalites of rules and generalizing
strategies of year 8 students for a quadratic pattern. In Nicol C,
Liliedahl P, Oesterle S and Allan D. (Eds.) Proceedings of the Joint
Meeting of PME 38 and PME-NA 36. Vancouver, Canada: PME;
2014. p. 305-312.

[13] Samson DA. The Heuristic significance of enacted
visualisation. [dissertation]. Rhodes University, Grahamstown,
South Africa;2011.

[14] Shojaie K. The investigation of ability of the nine grade
students’ generalization and justification in numeric and
geometric number patterns. [master’s thesis]. Shahid Rajaee
Teacher Training University, Tehran; 2013. Persian.

[15] Lannin JK, Barker DD, Townsend BE. Algebraic
generalization strategies: factors influencing student strategy
selection. Mathematics Education Research Journal. 2006;18
(3): 3-28.

[16] Samson DA. An analysis of the influence of question design
on pupils’ approaches to number pattern generalisation tasks.

55 G il e ol ojg> l s (lisal il (103 3 Slas
apiogy APOS a1 SaS Ly sl gl yo 10 2,5 plonil al o aus
Slaia 25 a3 Bione Sl y25 5 pggin 095 ol (e
slaoligyb o (g ot 90 (ASE GlagSl pess sl
lagSl pas 3 5Lk sl lszsb plgre 4R 5y (JY ol
Gl Sl plaST pa s ali 4S5 ok & wiad plalid ot 9 (JISS
P93 Sl o 50 o sl oo prasi ;0 Colidge puc @ baojle
@lo galy Jlow b 9005 (>l APOS gzl sl (Giges]
S35 & Gl slaelszsb 5o lisel s (Al el 23l YY -
455z dw plnl b pom (5 al>pe 3 el (550505 5 olulid
el Colad ACE )08 lvas > b aS 0,8 dw b gudss
OR35Sy Sl 03litl b ooz ylo (ol 305 9 homiw jslate
sas 7 s baslas 3505 Lk 2l )lnlcajsel Sl ki
(Beiod gl o d )l ol mls .28 F )18 colaiul 550 Guiod
sloas (b SIS 5 byl 5 2l (255 a4 G,
5 olygelmils 4y g ool el jo pladre 4 wiilys o 45T ol
(58 GlasSl pras (sl Fpmece Glaojlo slml g e 62Tk

Al S o ppie 30 IS (gl o354y

LU S RUR g1

Lools Julowi g ools (5,51 qoz ka5 (idu 0 Jol (6 odi g
o ools Judowi 5 (g a8 (ion 10 pgo (6 ot gs o Baiods duo 0 O4)
Ao, V) 6,k iS40 pew (Godiwugi g (Guiod do o ¥0)

Alails cago (il o Bukod

‘g;‘é)ds 9 ’imu:‘ y

O 33l 0 22l B350 575 Al 3] i i
Oeared 5 OlSle L0 G559 5 Gl ool (5, 1Ken 5l allie ol
5 ol clsl, als ue il e, s BT Cls

d.uLo;so )iun) 9 )JJ.E.' aools 6)5]@9

&L (ol

Czwl oazd o Baug s Jawss x8lie (b )las 4595 za»

»Iogéal.w

[1] Mason J. Expressing generality and roots of algebra. In:
Bdnarz N, Kieran C, Lee L (Eds) Approches to algebra:perspective
for research and teaching. Dordrecht: Kluwer Academic;1996.
p.65-86.

[2] Blanton ML, Kaput JJ. Functional thinking as a route into
algebra in the elementary grades. ZDM- International Reviews
on Mathematicl Education. 2011; 37(1):34-42.


https://www.researchgate.net/publication/279402143_Expressing_Generality_and_Roots_of_Algebra
https://www.researchgate.net/publication/279402143_Expressing_Generality_and_Roots_of_Algebra
https://www.researchgate.net/publication/279402143_Expressing_Generality_and_Roots_of_Algebra
https://www.researchgate.net/publication/279402143_Expressing_Generality_and_Roots_of_Algebra
https://www.springer.com/cda/content/document/cda_downloaddocument/9783642177347-c2.pdf?SGWID=0-0-45-1088039-p174085659
https://www.springer.com/cda/content/document/cda_downloaddocument/9783642177347-c2.pdf?SGWID=0-0-45-1088039-p174085659
https://www.springer.com/cda/content/document/cda_downloaddocument/9783642177347-c2.pdf?SGWID=0-0-45-1088039-p174085659
https://cdr.lib.unc.edu/indexablecontent/uuid:78d8dd0e-ce9e-4fa5-82f8-a38a89cdff08
https://cdr.lib.unc.edu/indexablecontent/uuid:78d8dd0e-ce9e-4fa5-82f8-a38a89cdff08
https://cdr.lib.unc.edu/indexablecontent/uuid:78d8dd0e-ce9e-4fa5-82f8-a38a89cdff08
https://cstp.khu.ac.ir/browse.php?a_id=2114&sid=1&slc_lang=en
https://cstp.khu.ac.ir/browse.php?a_id=2114&sid=1&slc_lang=en
https://cstp.khu.ac.ir/browse.php?a_id=2114&sid=1&slc_lang=en
https://cstp.khu.ac.ir/browse.php?a_id=2114&sid=1&slc_lang=en
https://www.springer.com/gp/book/9789400727113
https://www.springer.com/gp/book/9789400727113
https://www.springer.com/gp/book/9789400727113
https://www.researchgate.net/publication/292696146_Exploring_generalization_through_pictorial_growth_patterns
https://www.researchgate.net/publication/292696146_Exploring_generalization_through_pictorial_growth_patterns
https://www.researchgate.net/publication/292696146_Exploring_generalization_through_pictorial_growth_patterns
https://www.researchgate.net/publication/292696146_Exploring_generalization_through_pictorial_growth_patterns
https://www.nctm.org/Standards-and%20Positions/Principles-and-Standards/
https://www.nctm.org/Standards-and%20Positions/Principles-and-Standards/
https://www.nctm.org/Standards-and%20Positions/Principles-and-Standards/
https://www.researchgate.net/publication/234591916_Introducing_the_Variable_through_Pattern_Exploration
https://www.researchgate.net/publication/234591916_Introducing_the_Variable_through_Pattern_Exploration
https://www.researchgate.net/publication/234591916_Introducing_the_Variable_through_Pattern_Exploration
https://www.researchgate.net/publication/267375822_ABDUCTION_IN_PATTERN_GENERALIZATION.
https://www.researchgate.net/publication/267375822_ABDUCTION_IN_PATTERN_GENERALIZATION.
https://www.researchgate.net/publication/267375822_ABDUCTION_IN_PATTERN_GENERALIZATION.
https://www.researchgate.net/publication/267375822_ABDUCTION_IN_PATTERN_GENERALIZATION.
http://eprints.utm.my/id/eprint/37764/
http://eprints.utm.my/id/eprint/37764/
http://eprints.utm.my/id/eprint/37764/
https://www.researchgate.net/publication/263735424_Modalities_of_Rules_and_Generalising_Strategies_of_Year_8_Students_for_a_Quadratic_Pattern.
https://www.researchgate.net/publication/263735424_Modalities_of_Rules_and_Generalising_Strategies_of_Year_8_Students_for_a_Quadratic_Pattern.
https://www.researchgate.net/publication/263735424_Modalities_of_Rules_and_Generalising_Strategies_of_Year_8_Students_for_a_Quadratic_Pattern.
https://www.researchgate.net/publication/263735424_Modalities_of_Rules_and_Generalising_Strategies_of_Year_8_Students_for_a_Quadratic_Pattern.
https://www.researchgate.net/publication/263735424_Modalities_of_Rules_and_Generalising_Strategies_of_Year_8_Students_for_a_Quadratic_Pattern.
https://core.ac.uk/download/pdf/145054790.pdf.
https://core.ac.uk/download/pdf/145054790.pdf.
https://core.ac.uk/download/pdf/145054790.pdf.
http://mathdept.talif.sch.ir/index.php?page_id=136&menu_id=1&menu_item_id=90.
http://mathdept.talif.sch.ir/index.php?page_id=136&menu_id=1&menu_item_id=90.
http://mathdept.talif.sch.ir/index.php?page_id=136&menu_id=1&menu_item_id=90.
http://mathdept.talif.sch.ir/index.php?page_id=136&menu_id=1&menu_item_id=90.
https://files.eric.ed.gov/fulltext/EJ768242.pdf.
https://files.eric.ed.gov/fulltext/EJ768242.pdf.
https://files.eric.ed.gov/fulltext/EJ768242.pdf.
https://files.eric.ed.gov/fulltext/EJ768242.pdf.
https://core.ac.uk/download/pdf/145049944.pdf.
https://core.ac.uk/download/pdf/145049944.pdf.

Tech. of Edu. J. 14(3): 707-722, Summer 2020

(AD) 1799 G lewli o o loss NF ale b ol (5508 cale 4y pui

[30] Pedemonte B. Argumentation and algebraic proof. ZDM
Mathematics Education; 2008; 40: 385—400.

[31] Reid D. Forms and uses of abduction. Paper presented to
Working Group 4: Proof and argumentation. Third Annual
Conference of the European Society for Research in
Mathematics Education. Bellaria, Italy; 2008.

[32] Harel G, Tall D. The general, the abstract, and the generic
in advanced mathematics. For the Learning of Mathematic.
1989, 11 (1): 38-42.

[33] Asiala M, Brown A, DeVries D, Dubinsky E, Mathews D,
&Thomas KA framework for research and curriculum
development in undergraduate mathematics education. In
Research in Collegiate mathematics education Il. Providence, RI:
American Mathematical Society. CBMS issues in mathematics
education; 1996; 6: 1-32.

[34] Khosroshahi GhL. Algebraization for Pre-schoolers with a
focus on Associativity.[ dissertation]. shahid beheshti
university,Tehran; 2016. Persian.

[35] Li X. Cognitive analysis of student’errors and
misconceptions in variables, euations and
functions.[dissertation]. A&M University, Texas ; 2006.

[36] Asghary N, Shahvarani A, Medgalchi A. R. Significant
Process of Change for Elementary Teachers to Foster
Functional Thinking.  Mathematics  Education.  Bulletin-
BOLEMA, Brazil; 2013.

OB a5 (S o
AUTHOR(S) BIOSKETCHES

‘(5"2b-) uu)y,yl 6]':5‘5 69’?“““’ so:d‘ Aab)
S ol wly Ol ST oKl
oRails jo 1) gulis I alaie oligl arsl o
9 &5 (Lol saih; 0 pled S
4».\.-.1) S xe.’;‘_.a 6‘“5'))5 olKisls ) ‘) M)‘é-‘é-ﬂ-ﬁ
6[@5)’? ] o».\.;‘);\f ‘5«0L1) u*-’)}‘" S
Gz S5 g ool Giigel ¢ ool Slgw iyl gaBle 5,50 Lidghs

Afkhami, R., PhD Student, Islamic Azad University, Central
Tehran Branch, Tehran, Iran

t=r afkhami @yahoo.com

sae o2l Goisel (555 (5 R s
ol 9y ool ol3T oKzl soke wlia
L ol b 5 plinl asil oo (35
oy el gwlis S g 55 JRails o
Sy e 5 Mt (oo Glealisls
igel gaidy o ol Sliddes g psle
SFSS 60,93 sl sl 4y JramadIg )l (il wail )38 2L,

[master’s thesis]. Rhodes University, Grahamstown, South
Africa; 2007.

[17] Chua B. L.Features of generalising task: Help or hurdle to
expressing generality? Australian Mathematics Teacher. 2009;
65(2): 18 — 24.

[18] Chua BL, Hoyles C. The effect of different pattern form on
secondray two students’ ability to generalize. In Tso,T. Y. (Ed.).
Proceedings of the 36th Conference of the International Group
for the Psychology of Mathematics Education. Taipei, Taiwan:
PME; 2012. p.155-162.

[19] Rivera F. Visual templates in pattern generalization
activity. Educational Studies in Mathematics. 2010;73(3): 297-
328.

[20] Kaput J, Carraher DW, Blanton ML. (Eds.). Algebra in the
early grades. Mahwah.(NJ): Lawrence Erlbaum Associates;
2007.

[21] Smith E. Representational thinking as a framework for
introducing functions in the elementary curriculum. Algebra in
the Elementary Grade; 2008. P.133-163.

[22] Wilkie k , Clarke D. Developing students' functional thinking
in algebra through different visualisation of a growing pattern's
structure. In J. Anderson, M. Cavanagh & A. Prescott (Eds.).
Curriculum in focus: Research guided practice, Proceedings of
the 37t annual conference of the Mathematics Education
Research Group of Australasia; 2014. p. 637-644.

[23] Sutarto, Toto N, Subanji S. Local conjecturing process in
the solving of pattern generalization problem. Educational
Research and Reviews. 2016;11 (8): 732-742.

[24] Sutarto, Nusantara T, Subanji S, Hastuti ID. Global
conjecturing process in pattern generalization problem.Journal
of Physics: Conference Series.1008 012060; 2018.

[25] Arnon |, Cottrill J, Dubinsky E, Okta¢ A, RoaFuentes S,
Trigueros M, Weller K. APOS Theory: A framework for research
and curriculum development in the mathematics education.
New York: Springer-Verlag; 2014.

[26] Dubinsky E. Reflective abstraction in advanced
mathematical thinking. In Tall D (Ed.), Advanced mathematical
thinking. The Netherlands: Kluwer Academic Publishers; 1991;
95-126.

[27] Zohrevand SH. Students” misconceptions about concept of
variable in algebra [master’s thesis]. Shahid Rajaee Teacher
Training University: Tehran. 2013.Persian.

[28] Alvarez I, Gémez-Chacén |, Ursini S. Understanding the
algebraic variable: comparative study of Mexican and Spanish
students. Eurasia Journal of Mathematics, Science & Technology
Education; 2015; 11(6): 1507-1529.

[29] Peirce CS. Collected papers of Charles SandersPeirce.
InC.Hartshorne&P.Weiss (Eds.). Cambridge, MA: Harvard
University Press: 1985; 1-6.


https://core.ac.uk/download/pdf/145049944.pdf.
https://core.ac.uk/download/pdf/145049944.pdf.
https://www.researchgate.net/publication/261950576_Features_of_Generalising_Tasks_Help_or_Hurdle_to_Expressing_Generality.
https://www.researchgate.net/publication/261950576_Features_of_Generalising_Tasks_Help_or_Hurdle_to_Expressing_Generality.
https://www.researchgate.net/publication/261950576_Features_of_Generalising_Tasks_Help_or_Hurdle_to_Expressing_Generality.
https://www.researchgate.net/publication/261941666_The_Effect_of_Different_Pattern_Formats_on_Secondary_Two_Students'_Ability_to_Generalise.
https://www.researchgate.net/publication/261941666_The_Effect_of_Different_Pattern_Formats_on_Secondary_Two_Students'_Ability_to_Generalise.
https://www.researchgate.net/publication/261941666_The_Effect_of_Different_Pattern_Formats_on_Secondary_Two_Students'_Ability_to_Generalise.
https://www.researchgate.net/publication/261941666_The_Effect_of_Different_Pattern_Formats_on_Secondary_Two_Students'_Ability_to_Generalise.
https://www.researchgate.net/publication/261941666_The_Effect_of_Different_Pattern_Formats_on_Secondary_Two_Students'_Ability_to_Generalise.
http://mathedseminar.pbworks.com/w/file/fetch/57726618/RiveraVisualTemplates.pdf.
http://mathedseminar.pbworks.com/w/file/fetch/57726618/RiveraVisualTemplates.pdf.
http://mathedseminar.pbworks.com/w/file/fetch/57726618/RiveraVisualTemplates.pdf.
https://www.bokus.com/bok/9780805854725/algebra-in-the-early-grades/
https://www.bokus.com/bok/9780805854725/algebra-in-the-early-grades/
https://www.bokus.com/bok/9780805854725/algebra-in-the-early-grades/
https://www.researchgate.net/publication/291216132_Representational_thinking_as_a_framework_for_introducing_functions_in_the_elementary_curriculum%20.
https://www.researchgate.net/publication/291216132_Representational_thinking_as_a_framework_for_introducing_functions_in_the_elementary_curriculum%20.
https://www.researchgate.net/publication/291216132_Representational_thinking_as_a_framework_for_introducing_functions_in_the_elementary_curriculum%20.
http://researchbank.acu.edu.au/cgi/viewcontent.cgi?article=2886&context=fea_pub.
http://researchbank.acu.edu.au/cgi/viewcontent.cgi?article=2886&context=fea_pub.
http://researchbank.acu.edu.au/cgi/viewcontent.cgi?article=2886&context=fea_pub.
http://researchbank.acu.edu.au/cgi/viewcontent.cgi?article=2886&context=fea_pub.
http://researchbank.acu.edu.au/cgi/viewcontent.cgi?article=2886&context=fea_pub.
http://researchbank.acu.edu.au/cgi/viewcontent.cgi?article=2886&context=fea_pub.
https://www.researchgate.net/profile/Toto_Nusantara/publication/301544160_Educational_Research_and_Reviews_Local_conjecturing_process_in_the_solving_of_pattern_generalization_problem/links/571845a808ae30c3f9f179ed/Educational-Research-and-Reviews-Local-conjecturing-process-in-the-solving-of-pattern-generalization-problem.pdf.
https://www.researchgate.net/profile/Toto_Nusantara/publication/301544160_Educational_Research_and_Reviews_Local_conjecturing_process_in_the_solving_of_pattern_generalization_problem/links/571845a808ae30c3f9f179ed/Educational-Research-and-Reviews-Local-conjecturing-process-in-the-solving-of-pattern-generalization-problem.pdf.
https://www.researchgate.net/profile/Toto_Nusantara/publication/301544160_Educational_Research_and_Reviews_Local_conjecturing_process_in_the_solving_of_pattern_generalization_problem/links/571845a808ae30c3f9f179ed/Educational-Research-and-Reviews-Local-conjecturing-process-in-the-solving-of-pattern-generalization-problem.pdf.
https://www.researchgate.net/publication/324799864_Global_conjecturing_process_in_pattern_generalization_problem.
https://www.researchgate.net/publication/324799864_Global_conjecturing_process_in_pattern_generalization_problem.
https://www.researchgate.net/publication/324799864_Global_conjecturing_process_in_pattern_generalization_problem.
https://www.amazon.com/APOS-Theory-Curriculum-Development-Mathematics/dp/1461479657.
https://www.amazon.com/APOS-Theory-Curriculum-Development-Mathematics/dp/1461479657.
https://www.amazon.com/APOS-Theory-Curriculum-Development-Mathematics/dp/1461479657.
https://www.amazon.com/APOS-Theory-Curriculum-Development-Mathematics/dp/1461479657.
http://www.math.wisc.edu/~wilson/Courses/Math903/ReflectiveAbstraction.pdf.
http://www.math.wisc.edu/~wilson/Courses/Math903/ReflectiveAbstraction.pdf.
http://www.math.wisc.edu/~wilson/Courses/Math903/ReflectiveAbstraction.pdf.
http://www.math.wisc.edu/~wilson/Courses/Math903/ReflectiveAbstraction.pdf.
http://www.ejmste.org/download/understanding-the-algebraic-variable-comparative-study-of-mexican-and-spanish%20students-4450.pdf.
http://www.ejmste.org/download/understanding-the-algebraic-variable-comparative-study-of-mexican-and-spanish%20students-4450.pdf.
http://www.ejmste.org/download/understanding-the-algebraic-variable-comparative-study-of-mexican-and-spanish%20students-4450.pdf.
http://www.ejmste.org/download/understanding-the-algebraic-variable-comparative-study-of-mexican-and-spanish%20students-4450.pdf.
https://colorysemiotica.files.wordpress.com/2014/08/peirce-collectedpapers.pdf.
https://colorysemiotica.files.wordpress.com/2014/08/peirce-collectedpapers.pdf.
https://colorysemiotica.files.wordpress.com/2014/08/peirce-collectedpapers.pdf.
https://www.researchgate.net/profile/Bettina_Pedemonte/publication/225796406_Argumentation_and_algebraic_proof/links/53fe767e0cf283c3583bd810/Argumentation-and-algebraic-proof.pdf.
https://www.researchgate.net/profile/Bettina_Pedemonte/publication/225796406_Argumentation_and_algebraic_proof/links/53fe767e0cf283c3583bd810/Argumentation-and-algebraic-proof.pdf.
http://www.erme.tu-dortmund.de/~erme/CERME3/Groups/TG4/TG4_Reid_cerme3.pdf.
http://www.erme.tu-dortmund.de/~erme/CERME3/Groups/TG4/TG4_Reid_cerme3.pdf.
http://www.erme.tu-dortmund.de/~erme/CERME3/Groups/TG4/TG4_Reid_cerme3.pdf.
http://www.erme.tu-dortmund.de/~erme/CERME3/Groups/TG4/TG4_Reid_cerme3.pdf.
http://homepages.warwick.ac.uk/staff/David.Tall/pdfs/dot1991b-harel-flm.pdf.
http://homepages.warwick.ac.uk/staff/David.Tall/pdfs/dot1991b-harel-flm.pdf.
http://homepages.warwick.ac.uk/staff/David.Tall/pdfs/dot1991b-harel-flm.pdf.
http://citeseerx.ist.psu.edu/viewdoc/summary?doi=10.1.1.47.8763
http://citeseerx.ist.psu.edu/viewdoc/summary?doi=10.1.1.47.8763
http://citeseerx.ist.psu.edu/viewdoc/summary?doi=10.1.1.47.8763
http://citeseerx.ist.psu.edu/viewdoc/summary?doi=10.1.1.47.8763
http://citeseerx.ist.psu.edu/viewdoc/summary?doi=10.1.1.47.8763
http://citeseerx.ist.psu.edu/viewdoc/summary?doi=10.1.1.47.8763
https://oaktrust.library.tamu.edu/bitstream/handle/1969.1/ETD-TAMU-1098/LI-DISSERTATION.pdf?sequence=1.
https://oaktrust.library.tamu.edu/bitstream/handle/1969.1/ETD-TAMU-1098/LI-DISSERTATION.pdf?sequence=1.
https://oaktrust.library.tamu.edu/bitstream/handle/1969.1/ETD-TAMU-1098/LI-DISSERTATION.pdf?sequence=1.
http://www.scielo.br/scielo.php?pid=S0103-636X2013000400015&script=sci_arttext.
http://www.scielo.br/scielo.php?pid=S0103-636X2013000400015&script=sci_arttext.
http://www.scielo.br/scielo.php?pid=S0103-636X2013000400015&script=sci_arttext.
http://www.scielo.br/scielo.php?pid=S0103-636X2013000400015&script=sci_arttext.

N. Asghary et al.

ohlKas 5 5 o]

60395 S0 OIS 5l Gy g 0,5 2dL 0 5 5
oBusle o wlusl,
soye (bl )l
oBails jo 1) 0s5 (glSs 5 i | sl IS
9 G 2y Ul a5 Ls o ldSil alas

g CBl o | 093 655 SHae WYY Jlu o
Medghalchi, A. Professor, Pure Mathematics, Kharazmi

University, Tehran, Iran
t== a_medghalchi@khu.ac.ir

‘5»:);)..0 64JL~.: 5&

e aites ol Slidzg g psle 51 L2l (el s,
Sr5ol 5 @k (2l Giledae s pr S8 Gl ciagh

Ll (22 Sledae (G148 > Ganwg 5 Ghisel (2L,
Asghary, N. Instructor, Mathematics Education, Islamic Azad
University, Central Tehran Branch, Tehran, Iran
L= Nas.Asghari@iauctb.ac.ir

Sl e s o0 lgs oEtils ole ol gac B Lo pule
olKzils 511, 093 amma 2ol (cwlid 15 a0 VYOV Jlo o Lol

http://dx.doi.org/10.22061/jte.2019.4844.2127

Citation (Vancoure): Afkhami R, Asghary N, Medghalchi A. [Enhancing functional thinking: Identifying the prior E*4E

schemas of seventh grade students in generalization of two-variable figural patterns]. Tech. Edu. J. 2020; 14(3): Iy
707-722 r
d =

COPYRIGHTS

@08

N

©2020 The author(s). This is an open access article distributed under the terms of the Creative Commons
Attribution (CC BY 4.0), which permits unrestricted use, distribution, and reproduction in any medium, as long as
the original authors and source are cited. No permission is required from the authors or the publishers.



mailto:Nas.Asghari@iauctb.ac.ir
https://fa.wikipedia.org/wiki/%D8%AF%D8%A7%D9%86%D8%B4%DA%AF%D8%A7%D9%87_%D8%AE%D9%88%D8%A7%D8%B1%D8%B2%D9%85%DB%8C
https://fa.wikipedia.org/wiki/%D8%AF%D8%A7%D9%86%D8%B4%DA%AF%D8%A7%D9%87_%D8%AE%D9%88%D8%A7%D8%B1%D8%B2%D9%85%DB%8C
https://fa.wikipedia.org/wiki/%D8%AF%D8%A7%D9%86%D8%B4%DA%AF%D8%A7%D9%87_%D8%AE%D9%88%D8%A7%D8%B1%D8%B2%D9%85%DB%8C
https://fa.wikipedia.org/wiki/%D8%AF%D8%A7%D9%86%D8%B4%DA%AF%D8%A7%D9%87_%D8%AE%D9%88%D8%A7%D8%B1%D8%B2%D9%85%DB%8C
https://fa.wikipedia.org/wiki/%D9%85%D8%A4%D8%B3%D8%B3%D9%87_%D8%AA%D8%AD%D9%82%DB%8C%D9%82%D8%A7%D8%AA_%D8%B1%DB%8C%D8%A7%D8%B6%DB%8C_%D8%AF%DA%A9%D8%AA%D8%B1_%D9%85%D8%B5%D8%A7%D8%AD%D8%A8
https://fa.wikipedia.org/wiki/%D9%85%D8%A4%D8%B3%D8%B3%D9%87_%D8%AA%D8%AD%D9%82%DB%8C%D9%82%D8%A7%D8%AA_%D8%B1%DB%8C%D8%A7%D8%B6%DB%8C_%D8%AF%DA%A9%D8%AA%D8%B1_%D9%85%D8%B5%D8%A7%D8%AD%D8%A8
https://fa.wikipedia.org/wiki/%D9%85%D8%A4%D8%B3%D8%B3%D9%87_%D8%AA%D8%AD%D9%82%DB%8C%D9%82%D8%A7%D8%AA_%D8%B1%DB%8C%D8%A7%D8%B6%DB%8C_%D8%AF%DA%A9%D8%AA%D8%B1_%D9%85%D8%B5%D8%A7%D8%AD%D8%A8
https://fa.wikipedia.org/wiki/%D8%AF%D8%A7%D9%86%D8%B4%DA%AF%D8%A7%D9%87_%D8%B4%D9%81%DB%8C%D9%84%D8%AF
https://fa.wikipedia.org/wiki/%D8%AF%D8%A7%D9%86%D8%B4%DA%AF%D8%A7%D9%87_%D8%B4%D9%81%DB%8C%D9%84%D8%AF
https://fa.wikipedia.org/wiki/%D8%A2%D9%86%D8%A7%D9%84%DB%8C%D8%B2_%D8%B1%DB%8C%D8%A7%D8%B6%DB%8C
https://fa.wikipedia.org/wiki/%D8%A2%D9%86%D8%A7%D9%84%DB%8C%D8%B2_%D8%B1%DB%8C%D8%A7%D8%B6%DB%8C
https://fa.wikipedia.org/wiki/%D8%A2%D9%86%D8%A7%D9%84%DB%8C%D8%B2_%D8%B1%DB%8C%D8%A7%D8%B6%DB%8C

